QUASI-COMPACTNESS OF TRANSFER OPERATORS 
FOR CONTACT ANOSOV FLOWS 



MASATO TSUJII 

Abstract. For any C T contact Anosov flow with r > 3, we construct a 
scale of Hilbert spaces, which are embedded in the space of distributions 
on the phase space and contain all the C r functions, such that the one- 
parameter family of the transfer operators for the flow extend to them 
boundedly and that the extensions are quasi-compact. Further we give 
explicit bounds on the essential spectral radii of those extensions in 
terms of the differentiability r and the hyperbolicity exponents of the 
flow. 



1. Introduction 

1.1. Main result. Geodesic flows on closed Riemannian manifolds with 
negative sectional curvature are a typical class of flows that exhibit chaotic 
behavior of orbits and have been studied extensively since the works of 
Hopf[l6] and Anosov[3] for this reason. Ergodicity and mixing, which char- 
acterize chaotic dynamical systems qualitatively, are established for those 
flows already in early stage of study [161 [3]. However, quantitative estimates 
on the rate of mixing were obtained only recently in late 90's, while there 
had been some precise results in the case of constant curvature by means of 
representation theory [TTj [24} [26j 129] . This is quite in contrast to the case 
of Anosov diffeomorphisms for which exponential decay of correlations had 
been established already in 70's[9j. The difficulty in the case of geodesic 
flows (or hyperbolic flows, more generally) is in brief that there is no ex- 
ponential expansion nor contraction in the flow direction. The mechanism 
behind mixing in hyperbolic flows is different from and in fact subtler than 
that in hyperbolic discrete dynamical systems. 

In 1998, Chernov|10| made a breakthrough by showing that the rate of 
mixing is stretched exponential at slowest for 3-dimensional Anosov flows 
satisfying the uniform non-integrability condition and, in particular, for all 
geodesic flows on closed surfaces with negative variable curvature. Chernov 
also conjectured in [10] that the rate should be exponential. Shortly, this 
conjecture is proved affirmatively by Dolgopvat|12j. Dolgopyat analyzed 
the perturbed transfer operators closely and gave a necessary estimate on 
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the Laplace transforms of the correlations. Dolgopyat's method has been 
extended and applied to many situations to get exponential or rapid decay 
of correlations. ([2lElIiaiI3lII5lE3ll2ai2SllSIlEIl) 

More recently, Liverani|21j established exponential decay of correlations 
for C 4 contact Anosov flows and, in particular, for C 4 geodesic flows on 
closed Riemannian manifolds with negative curvature in arbitrary dimen- 
sion. He combined Dolgopyat's method with his method of using Banach 
spaces of distributions developped in his previous paper [8] coauthored with 
M. Blank and G. Keller. A remarkable feature of the argument in [21] is 
that it is free from Markov partitions, which was a convenient artifact used 
in many works including [10J and [12| and was an obstacle in making use of 
the smoothness of the flow. 

In this paper, we proceed the argument further along the line of study 
described above, providing a clearer picture in terms of spectral proper- 
ties of the associated transfer operators: For any C r contact Anosov flow 
with r > 3, we construct a scale of Hilbert spaces, which are embedded in 
the space of distributions on the phase space and contain all C r functions, 
so that the one-parameter family of the transfer operators for the flow ex- 
tend naturally to bounded operators on them and that the extensions are 
quasi- compact. Moreover we give an explicit upper bound on the essential 
spectral radii of the extensions in terms of differentiability r and the hyper- 
bolicity exponents of the flow. This implies not only exponential decay of 
correlations but also a precise asymptotic estimate on the decay rate. (See 
Corollary 11.21 ) Our argument is also free from Markov partitions. 

To state the main result more precisely, we introduce some definitions. 
Let d > 1 and r > 3 be integers. Let M be an orientable (2d+l)-dimensional 
closed C r manifold and a a C r contact form on M. By definition, a is a 
1-form such that oj := a A (da) d is a volume form on M. Let F 1 : M — > M 
be a C r Anosov flow preserving the contact form a. Such a flow is called 
a C r contact Anosov flow. Geodesic flows on closed Riemannian manifolds 
with negative sectional curvature are types of contact Anosov flows, when 
we regard them as flows on the unit cotangent bundles equipped with the 
canonical contact forms. 

Let v be the vector field that generates the flow F l . By the definition 
of Anosov flow, there exists an invariant splitting of the tangent bundle, 
TM = E C ®E S ®E U , such that E c is the one-dimensional subbundle spanned 
by the vector field v and that there exist Ao > and C > such that^j 

||-D-F*|^|| < C-2~ Ao * and ||DF 2 _ *| B « || < C ■ 2~ A °* Vt > 0, Vz G M. 

Since the flow F l preserves the contact form a, the subspaces E s and E u 
should be contained in the null space of a. This implies that the subspace 
E s © E u coincides with the null space of a and hence that a(v) ^ at any 
point. In what follows, we suppose a(v) = 1 by replacing a by a/a(v). 

convenience in the later argument, we consider the exponential function with 
base 2 (instead of e), though this is of course not essential. 
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Since the 2-form da is preserved by the flow F l and gives a symplectic form 
on the null space of a, we see that dimE s = dimE u = d and also that E° 
coincide with the null space of da at each point. Notice that the vector field 
v is characterized by the conditions a{v) = 1 and v G null da. Such a vector 
field is called the Reeb vector field of a. 

Let Ao > be another constant for the flow F l such that, for some C > 1, 

| det(DF7*|B»)| < C ■ 2~ Aot Vt > 0, Vz e M. 

Obviously we may take Ao so that Ao > d\o. For the flow F l , we associate 
the one-parameter family of transfer operators £} : C r {M) — > C r (M) defined 
by £*(u)(z) = uo F t (z). For a real number s with \s\ < r, let W S (M) be the 
Sobolev spaced of order s on M . Our main result is the following spectral 



property of C . 

Theorem 1.1. For each < /3 < (r — l)/2, there exists a Hilbert space 
B@ , which is contained in W S (M) for s < —f3 and contains W S (M) for 
s > P, such that the transfer operator C l for sufficiently large t extends to 
a bounded operator on B 13 and the essential spectral radius of the extension 
C l :BP B 13 is bounded by max{2- A °'/ 2 , 2^"*} < 1. 

In the case where the flow F l is C°°, we may choose a large (3 in the 
theorem above so that 2~^ A °* < 2~ A °*/ 2 and hence that the essential spec- 
tral radius of £* : B@ —¥ B@ is bounded by 2~ A °*/ 2 . It should be worth 
noting that this bound on the essential spectral radius is quite reasonable at 
least in the case of geodesic flows on closed surfaces with constant negative 
curvature. In fact, if we suppose that the curvature is constantly —1, we 
may set A = Ao = — l/log2, so that the bound equals 2~ A °'/ 2 = e~*/ 2 . 
From the famous result [22] of Selberg on his zeta function, we find that the 
dynamical Fredholm determinant of C l for such a flow has infinitely many 
zeros on the line 9(s) = —1/2. Admitting the conjectural statement that 
the zeros of the dynamical Fredholm determinant of C} should coincide with 
the spectrum of the generator of £*, we expect that the essential spectral 
radius of C l should not be smaller than e _i//2 (for any reasonable choice of 
Banach spaces on which it acts). 

Since contact Anosov flows are mixing (or even Bernoulli [20j) with respect 
to the contact volume w, Theorem 11.11 implies not only exponential decay 
of correlations but also the following asymptotic estimate on correlations. 
(See [33J for the detail of the deduction.) 

Corollary 1.2. For any < a < min{Ao, (r — l)Ao}/2, there exists finitely 
many complex numbers i]i with —a < 5R(r/j) < and integers ki > for 
1 < i < i such that, for any i/j and in C r (M), we have the asymptotic 



( 2 )See Remark ED for the definition. For s > 0, W S (M) contains C S (M), and W^ S (M) 
is contained in the space of distributions of order s. 



4 



M. TSUJII 



estimate for the correlation 



if) ■ <p o F t alu — — — — f ip dw ■ — / <p du 



-<xt\ 



u(M) 7 u{M) J u(M) 

i ki 
i=l i=o 

as t —> oo, where dj((p,tp) are constants depending on ip and cp bilinearly. 

Also we can deduce from Theorem II .11 the central limit theorem and the 
(generalized) local limit theorem for observables in C r {M) by a general 
abstract argument. (See [15].) 

The main point in Theorem ll.ll is definitely the construction of the Hilbert 
spaces B@ . The original idea for the construction was as follow^: Take an 



appropriate positive-valued smooth function pp : T*M — > R on the cotan- 
gent bundle and define a norm on C°°{M) by \\u\\/3 := ||p J g(Z))u||^2, using 
the pseudodifferential operator pp{D) associated to pp. Then define the 
Hilbert space B@ as the completion of C°°(M) with respect to this norm. 
Unfortunately we could not put this idea directly into a rigorous argument 
because of some technical difficulties. (See Remark 16.41 for more detail.) 
Instead, we use a modified version of the Littlewood-Paley decomposition 
for the construction of the Hilbert spaces B? . This makes the argument in 
this paper somewhat long and involved. Still the argument in each step is 
fairly elementary and does not require any knowledge on pseudodifferential 
operators. 

1.2. Plan of the proof. In the following sections, we proceed to the proof 
of the main theorem as follows. Section [21 [3] and U] are devoted to preliminary 
arguments. In Section [21 we set up a finite system of local charts on M 
adapted to the contact structure a and the hyperbolic structure of the flow. 
In Section [31 we then reduce the main theorem to the corresponding claim 
(Theorem 13 . 2[) about transfer operators on the local charts. In Section [H 
we give a local geometric property of the diffeomorphisms between the local 
charts induced by the time-t-maps of the flow. This property is simple but 
crucial for our argument. 

In Section [5] and [6l we define Hilbert spaces S$v for real numbers /3 and v, 
which consist of distributions on the unit disk B in the Euclidean space E 
of dimension 2d+ 1. The Hilbert spaces B@ in the main theorem is made up 
from copies of such Hilbert spaces on the local charts by using a partition 
of unity on M, In Section \5\ we construct a C°° countable partition of 
unity {p 7 } 7e r on the cotangent bundle T^E = B x E*. Then, in Section [6l 
we give a method of decomposing a function u on B into countably many 
smooth components u 7 , 7 G T, by using the pseudodifferential operators 



(3) Th 

is idea originated in the work [4] of V. Baladi, which treated spectral properties 
of transfer operators for Anosov diffeomorphisms. See [5] [6] for later developments. 
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with symbol p 7 . By definition, each component u 7 is a "wave packet" which 
are localized both in the real and frequency spaces. The Hilbert space 8$t 
will be defined as the completions of the space C°°(D) of C°° functions on 
the unit disk D with respect to a norm || • \\g v that counts the I? norms of 
the components u 7 with some appropriate weight. 

Our basic strategy is that we regard a transfer operator C acting on SBy 
as an infinite matrix of operators £ 7 y, each of which concerns the transi- 
tion from one component to another induced by C and deduce the required 
properties of C from relatively simple estimates on each £ 7 y . In Section 
we introduce some definitions in order to describe the argument along this 
strategy. And we find that each operator £ 7 y is a tame integral operator 
with smooth rapidly decaying kernel. Further we give simple estimates on 
the kernel of regarding it as an oscillatory integral. 

Section [8HT21 are the main body of the proof. In the proof, we divide 
the transfer operator C on the local charts into three parts: the compact, 
central and hyperbolic part. The compact part is the part that concerns the 
components of functions with low frequencies. In Section [U we show that 
the compact part is in fact a compact operator and therefore negligible in 
our argument because the essential spectral radius of an operator does not 
change by perturbation by compact operators. The definitions of the central 
and hyperbolic part are more involved. Roughly, the central part is the part 
that concerns the components of functions which are localized along the 
central (or flow) direction in the frequency space, and the hyperbolic part 
is the remainder. 

In Section[9l llll we deal with the hyperbolic part and estimate its operator 
norm. The argument in these sections makes use of hyperbolicity of the flow 
in the directions transversal to the flow, and is partially similar to that in 
the author's previous papers O [6] coauthored with V. Baladi, which treat 
hyperbolic diffeomorphisms. The estimate on the hyperbolic part leads to 
the term 2~^ A °* in the main theorem. 

In Section [T2l we deal with the central part, which is responsible for the 
difficulty in the case of hyperbolic flow that we noted in the beginning. The 
argument on the central part is in fact the main point of this paper and 
makes use of the non-integrability of the contact form a essentially. The 
estimate on the central part leads to the term 2~ A °'/ 2 in the main theorem. 

Remark 1.3. A prototype of the argument on the central part can be found 
in the author's previous paper [33], where a class of expanding semi-flows 
are considered as a simplified model of Anosov flows. 

Acknowledgement. The author would like to thank the referees of this 
paper for many valuable comments, which were very important in improving 
descriptions in the text. 
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2. Darboux theorem for contact structure 

In this section, we set up a finite system of coordinate charts on M which 
is adapted to the contact structure a on M and also to the hyperbolic 
structure of the flow F l . Let E be an Euclidean space of dimension 2d + 1, 
equipped with an orthonormal coordinate 

x = (^0) x \ i ■ ■ ■ i x ~d i x i i ■ ■ ■ i x d )■ 
Let E* be the dual space of E, equipped with the dual coordinate 

so that evaluation of £ G £7* at x G £7 is given by 

(e, x) = e • x + d + • x+ + ••• + £+• x+ + £f • xr + ••• + c • ^d- 

For brevity, we write x = (a;o,2; + ,x~) and £ = (£o>£ + >£~) for ^ and £ a s 
above, setting x^ = (xf, . . . , xj) and ^ = (^f, . . . ,t^) respectively. Let 
E = E Q ®E+®E- and E* = Eq®E+®E*L be the corresponding orthogonal 
decomposition. For a G {0,+, — }, let tt ct : E — y E a and 7r* : E* — >• be 
the orthogonal projections. Also we set 7T+,- = 7r+ © 7r_ E+ © 

and define vro 5 +, vro,-, 7r^j_ _, 7Tq + and 7Tq _ analogously. 

The standard contact form on the Euclidean space E is the 1-form 

ao = dxo + x~ ■ dx + — x + ■ dx~ 

where x~ ■ dx + = Y^t=i x 7 ' ^xf an d x+ ' dx~ = Ym=i x t ' dx~ ■ We will 
refer to v$ = d/dx$ as the standard vector field on E, which is nothing but 
the Reeb vector field of olq. A local chart k :U — > V <s E on an open subset 
U C M is called a Darboux chart if k*(«o) = a. on U . Darboux theorem 
for contact structure[U pp.168] tells that there exists a system of Darboux 
charts on M. Below we choose a finite system of Darboux charts adapted 
to the hyperbolicity of the flow. 

Let C + and C_ be the closed cones on E defined by 

C+ = {(x ,x + ,x~) G E | ||x~|| < ||x + ||/10} 

and 

C = {(x ,x + ,x") G E | ||x + || < ||aT||/10}. 

Definition 2.1. For A > 1 and A > 1, let H(\,A) be the set of C r diffeo- 
morphisms G : V — > V := G(V) on E satisfying the conditions 

(HO) V' and V are open subsets of the unit disk B C E, 

(HI) G*(ao) = Qo on V', and G*(vo) = vo on V, 

(H2) DG Z (E \ C+) C C and (DG Z )~ 1 (E \ C_) C C+ for any z G V , 

(H3) \\ir+,-(DG z (v))\\ > 2 A ||^ +j _(t;)|| for any z G V and v G E \ C+, 

||vr + '_((Z?G' ;Z )- 1 (v))|| > 2 A '||7r +i _(v)|| for any z G V and u G £\ C -, 

(H4) det(DG 2 |y) > 2 A for any (d + l)-dim subspaces Y C C , and 
det((-DG z ) _1 |y') > 2 A for any {d+ l)-dim subspaces Y' C C+, 
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where det(A|y) is the expansion factor of the linear map A : Y — > A(Y) 
with respect to the standard volumes on Y and A(Y). Let T~L be the union 
of H(X, A) for all A > and A > 0. 

The following is a slight modification of the Darboux theorem. 

Proposition 2.2. There exists a finite system of Darboux charts on M, 



belongs to the class H(\ot — co,Aot — cq) defined above. 

Proof. By compactness of M, it is enough to show, for each z E M, that 
there exists a Darboux chart k : U V on & neighborhood U of z so that 
k(z) = 0, Dk z (E s (z)) = E + and Dk z (E u (z)) = E_. By Darboux theorem, 
there exists a Darboux chart k' : V — > V on a neighborhood U' of z so 
that k'{z) = 0. For E' + := Dk' z (E s (z)) and E'_ := Dk' z (E u (z)), we have 
E' + ® E'_ = DK z (imll(a (Q))) = E + ® E_. Since da is preserved by the 
flow F t ) we see da|s s = dal^ = and therefore daols' = ^o|b; = 0- 
So we can find a linear map L : i? + © i£_ — > E + © which preserves the 
symplectic form dao(0)\E + e>E- and satisfies L(E' + ) = E + and L(E'J) = E-. 
Define L' : E — > E by L'(xq, x + , x~) = (xq, L(x + , x~)). Then it is easy 
to check that L' preserves the contact form oiq and that the composition 
k:=L'ok' is a chart with the required properties. □ 

Henceforth we fix a finite system of Darboux charts n a : U a — > V a , a G A, 
with the property in Proposition 12.21 



In this section, we reduce Theorem 11.11 to the corresponding claim about 
transfer operators on the local charts. To state the claim, we prepare some 
definitions. For an open subset V C E, let C r (V) be the set of C r functions 
whose supports are contained in V, and let ^ r (V) be the subset of g G C r (V) 
such that the differential (vo) k g = d k g/dxQ for arbitrarily large k exists 
and belongs to the class C r (V). We henceforth fix a large positive integer 
r* > 20(r + 1) and set 



For a C r diffeomorphism G : V — > V in % and a function g E 1f r (V'), we 
consider the transfer operator £(G,g) : C r (V) — > C r (V) defined by 



K a : U a -+ V a := K a {U a ) CDCE for a E A, 
and a constant c$ > such that, ift is sufficiently large and if 

V(a, b; t) := K a (U a n F~*(C/ b )) / for some a,b E A, 
the induced diffeomorphism on the charts, 



Fl h := K b oF l o K~ l : V(a, 6; t) -> F* 6 (F(a, 6; t)) C V b , 



3. Transfer operators on local charts 



g\\*= max \\d k g/dxQ\\ L oc for g E ^(V). 




for x EV 1 
otherwise. 
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The Sobolev space VF S (ID)) on the unit disk D C E is the completion of 

the space C°°(B) with respect to the norm \\u\\w = II(1 + |£| 2 ) s/2 -]M£)IIl 2 , 
where F : L 2 (E) — > L 2 (E*) is the Fourier transform. 

Remark 3.1. The Sobolev space W S (M) for \s\ < r on M is defined from 
copies of VK S (D) on the local charts in an obvious manner using a partition 
of unity. Clearly we have C r {M) C C S {M) C W S (M) for < s < r. 

We will construct Hilbert for /3 > and v > 2d + 2, which 

satisfy W S {B) C C W~ S (B) for s > /3 and prove the following claims: 

Theorem 3.2. There exist positive constants A* and A* so i/iai f/ie operator 
C(G,g) for any G : V V in T^A^A*) and 5 6 "^(V) extends to a 
bounded operator £(G,g) : SSy — > 8$ v i for any < j3 < (r — l)/2 and 
v, v' > 2/3 + 2d + 2. Further, for any e > and < /3 < (r — l)/2, iaere 
exisi constants > 2/3 + 2cZ + 2 ; C* > and a family of norms \\ ■ \\^ on 
£$v* for A > 0, which are all equivalent to the standard norm on 3$v r , such 
that, if G : V -> V belongs to H(\ A) for A > A* and A > A* with A > dX 
and if g G ^(V), there exists a compact operator )C(G,g) : — >• 
snc/i iaai iae operator norm of C(G,g) —K,(G,g) : 38„ t — > 3$\,* with respect 
to the norm || • [|W is founded 6j/ ||£?|U2-f 1 ~ e ^ mi n {A/2,/3A} _ 

We show that Theorem 11.11 follows from Theorem 13.21 Take C r functions 
Pa'-Va-> [0, 1] and p a : V a -> [0, 1] for a G yl so that the family {o a o K a } aeA 
is a C r partition of unity on M and that p a = 1 on supp o a and supp p a § y o . 
We may (and do) suppose that p a and p a belong to the class ^ r (y a ), applying 
an appropriate C°° mollifier along the coordinate xq simultaneously. More 
precisely, if either of p a does not belong to ^ 7r (V r a ), we replace p a by 



where p : R — )• R is a positive-valued C°° function with compact support 
such that J p(s)ds = 1 and e > a small real number. Taking sufficiently 
small e > 0, we may suppose that the support of p' a is contained in V a and 
that p' a belongs to ^ r (V a ). Since we have 



from the relation vq = (K a )*u, we see that the family {p' a o n a } a£ A is also a 
C r partition of unity on M. We may apply the same modification to p a if 
either of p a does not belong to ^ r (V^). 

For a,b £ A, we define the transfer operator C ab : C r (Vb) — > C r (V a ) by 
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where g^x) = p a {x) ■ Pb(F^ b (x)) belongs to ^(Va). Then we consider the 
matrix of operators 

L 1 : ® a ^AC r (V a ) ->• (BaeAC r (V a ), L\(u a ) aeA ) = I J • 

\beA J aeA 

Let i : C r (M) -)■ e a eAC r (V r a ) be the injection defined by 

<•(«) = (Pa • (u o «~ 1 )) a£ A- 
By the definition, we have the commutative diagram 

e a£ AC r (K) ► ffi n aC r (K) 

L* 

C r (M) — C r (M) 

Let -B^ be the completion of C r (M) with respect to the pull-back of the 
product norm on ©a^A^v ^> ®aeAC T (V a ) by the injection i, so that the 
injection i extends to the isometric embedding i : B„ — > ® a ^A^u and that 
W S (M) C Bt C W~ S {M) for s > /3. 

Let Co be the constant in Proposition 12.21 an d A* and A* those in the 
former statement of Theorem 13,21 Take to > so large that Aoto — Co > A* 
and Ao^o — Co > A*. Applying the former statement of Theorem 13,21 to each 
we see that the commutative diagram above extends to 

®aeA^$v ^ ©a&A^yi 

i. i 

B& ► flj 

for any t > t Q , provided that < < (r - l)/2 and i/, i/' > 2/3 + 2d + 2. 

Suppose that e > and < j3 < (r — l)/2 are given arbitrarily and let f*, 
C* and || • ||( A ) be those in the latter statement of Theorem 13.21 Recall that 
the essential spectral radius of an operator on a Banach space coincides with 
the infimum of the spectral radii of its purturbations by compact operators. 
(See [25].) Hence, applying the latter statement of Theorem [32] to each 

we see that the essential spectral radius of L* : ® a eA&v* — > © a e4^» is 
bounded by 

C*-#A- (max ||t4||* ] • 2-( 1 - e ) min « Ao *- c o)/ 2 '' 3 ( A o*- c o)} 
ya,?>eA J 

and so is that of £} : B„ t — > B„ t from the commutative diagram above. Note 
that the term max ai ;, gj 4 ||<7* 6 ||* is bounded by a constant independent of t, 
because F* b preserves the standard vector field Vq. From the multiplicative 
property of essential spectral radius, the essential spectral radius of £* : 
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BS, -> BS, is bounded by 2~( 1 - £ ) min{A t/2,#M}. Fix some 1/ > 2/3 + 2d + 2 
arbitrarily and decompose £* : By — > By for t > 3to as 

Letting t — > oo and using the basic properties of essential spectral radius 
mentioned above, we see that the essential spectral radius of £* : B„ By 
is bounded by that of £* : B$, -> and hence by 2"( 1 " e ) min{A i/2,/?A i}. 
Since e > is arbitrary, we obtain the main theorem, setting B@ = By. 



4. A LOCAL GEOMETRIC PROPERTY OF THE DIFFEOMORPHISMS IN W 

In this section, we give a local geometric property of the diffeomorphisms 
in %. Let G : V — > V = G(V) be a C r diffeomorphism satisfying the 
conditions (HO) and (HI) in the definition of T-L(X,A). Take a small disk 
D C V and set D' = ir+-(D). Since G preserves the standard vector 
field vq, there exist a C r function Go : D' — > M and a C r diffeomorphism 

G+,_ : £>' -> G + _(£>') C M. 2d , G + ^{x + ,x-) = (G + (x + , x~), G_ (x + , x~)), 

such that 

G(xo, x + , x _ ) = (xq + Go(a; + , x~), G + (x + , x~), G_(x + , x~)) on £>. 
Lemma 4.1. 7/G(0) = £ D in addition, we have £>G (0) = £> 2 G (0) = 0. 

Proof. Comparing the coefficients of dx + and dx~ in G*(ao) = ctQ, we get 

dG _ 

dx + 

and 

<9G _ 

dx~ 

This implies dGo/<9x + (0) = dGo/dx~(0) = 0. Differentiating both sides 
with respect to x + and x~ and using the assumption G(0) = 0, we also 
obtain d 2 G /dx+dx + (0) = d 2 Go/dx + dx~ (0) = d 2 G /&zrdx-(0) =0. □ 

For y = (yo,y + ,y~) £ E, the affine bijection <& y : E ^ E defined by 

(!) ®y( x 0, x + ,x~) = (y + x - (y~ • x + ) + (y + ■ x~), y + + x + , y~ + af) 

moves the origin to y, preserving the contact form ao and the vector 
field vq. So the assumption G(0) = in Lemma |4. II is not essential. 

Corollary 4.2. For any diffeomorphism G : V —> V inH and any compact 
subset K of V , there exists a constant C = G(G) > such that, ify, y' G K 
and if £ G E* is written in the form £ = £o • ao(G(y)) +£+,- £o = ^(O 
and G E* + © 75* , we have 

\\DG* y ,(0 - DG* y (0\\ < c • (|£ | • lly' - y\\ 2 + ■ llz/ - vll) 



(9G_| 



(9G-| 



+ G, 



9G_ 



gg- 



X{s) 
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and 

\{^D 2 G yl {v,v'))\ < C ■ (|£o| • ~ y\\ + ||e+,-ID • HI • HI for v,v' G E. 

Proof. Changing coordinates by the affine bijections & y and 3>G(y)> we m ay 
suppose y = G(y) = 0. Then the claim follows from Lemma l4.1i □ 

5. Partitions of Unity 

In this section, we construct a partition of unity {p 7 } 7 er on the cotangent 
bundle T^E = lxB* over the unit disk D C E. This will be used in the 
definition of the Hilbert spaces 3&v in the next section. 

5.1. Partitions of unity on E. Take a C°° function x : R — >• [0, 1] so that 

fl, ifs<4/3; 
|0, ifs>5/3, 

and define a C°° function p : R — >■ [0, 1] by 

p(s) = x(s + 1) - X(s + 2), 

which is supported on the interval [—2/3,2/3]. For integers n and k, we 
define the C°° function p n j. : R ->• [0, 1] by 

Prijk (s) = p(2 n / 2 s-k). 

Then, for each n, the family of functions {p n ,k( s ) I k G Z} is a C°° partition 
of unity on the real line R, such that supp p n ,k{ ) is contained in the interval 

[2- n / 2 {k - (2/3)), 2- n / 2 {k + (2/3))] C [2- n l 2 {k - 1), 2~ n / 2 {k + 1)]. 

Similarly, for an integer n and k = (ko, kf , • • • , fej", ■ ■ ■ ,kj) G Z 2rf+1 , 
we define the C°° function p n ^ : E — > [0, 1] by 

p n , k (x) = p(2 n / 2 x - k ) J] I[p(2 n/2 < ~ K). 

ct=± i=l 

Again, for each n, the family of functions {p n k( s ) I k G Z 2c(+1 } are C°° 
partition of unity on such that supp p n ^_ is contained in the cube 

d 

Z(n,k) = ^(fco-lJ^^CAo+l^x J] n[2- n / 2 (fcf-l),2- n / 2 (fcf+l)], 

<T=±i=l 

whose center is at the point 

z(n, k) := 2-™/ 2 k = 2-"/ 2 (A;o, kf,...,k+,k^,...,k~). 

Note that the functions p n ^ and p n '^> (resp. /9 nj k and p n ',u?) introduced 
above are related each other by translation if n = n' and by translation 
and similitude otherwise. For any integer t > (resp. for any multi-index 
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a G (Z + ) 2d+1 ), there exists a constant Ce > (resp. C a > 0), which does 
not depend on n and A; (resp. n and k), such that 

||£>Wlk~ < <3 • 2 £ '" /2 (resp. p Q Pn,k||Loc < C a • 2l a l-"/ 2 ). 

5.2. Partitions of unity on E* . We next introduce a few partitions of 
unity on the dual space E* . For n > 0, we consider the C°° function 



X„:K->[0,1], Xn(s) 



X (2-"| S |)- X (2-"+ 1 | S |), ifn>l; 
X (|s|), ifn = 0. 



The functions Xn for n > is a C 00 partition of unity on M, which is 
sometimes called the Littlewood-Paley partition of unity. The function Xn 
for n > 1 is related to xi by similitude. More precisely, we have 

Xn (s) = xi(2- n+1 s). 

So, for an integer £ > 0, there exists a constant Ce > 0, which does not 
depend on n, such that 

\\D e X n\\L^ <C e -2- £n . 
We also introduce the C°° functions 



X„:R->[0,1], Xn(a) = 



Xn-i(s) + Xn(s) +Xn+i(s), if n > 1; 
Xo(s) + Xi(s), if n = 0. 



Note that x« = 1 on the support of Xn and that the family Xn enjoys the 
same scaling property and derivative estimates as we stated for Xn- 
Next, for n > and k G Z, we consider the C°° function 

Xn.fe : -»• [0, 1], Xn,fe(0 = P(-n),fc(6>) " Xn(Co) 

= / 9(2^/ 2 ^0-A ; )-Xn(eo) 

where = ^(O- Notice that the size of the support of the function P(_ n ) 5 fc 
is proportional to 2™/ 2 while that of Xn is proportional to 2 n . Obviously the 
family of functions {Xn,k I n ^ 0, k G Z} is a C 00 partition of unity on .E. 
In the same spirit as in the definition of Xn above, we also introduce the 
functions 

Xn,k ■ E* ->• [0, 1], Xn,k(0 = P(-n),fc-l(Co) + P(-n),fc(Co) + P(-n),fc+l(£o), 

which satisfy Xn,fc = 1 on the support of Xn,k- From the estimates on the 
derivatives of p n ^ and Xn, there exists a constant Q > for each t > 0, 
which does not depend on n nor fc, such that 

\\D e Xn,kh°° < C e ■ 2- ln ' 2 and \\D e x n ,kh^ < Q ■ 2~ fa/2 . 

Remark 5.1. We will ignore the functions Xn,fe that vanish everywhere. Thus, 
for each n > 0, we consider the functions Xn,fe only for finitely many fc's. 
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For 9 > 0, we consider the cones 

c;(0) = {((u + ,n eE* + ®E*_\ urii < eik + n } 

and 

C*_(8) = {(0,t,C) eE* + ®E*_\ < 9\\r\\ } 

in E+ © E*_ C E* . These cones for = 1/10 may be regarded as the duals 
of the cones C_ and C + in the definition of H respectively. Let S* be the 
unit sphere in E* + © E*_ . We henceforth fix C°° functions <p a : S* ->■ [0, 1] 
and ip a : S* ->■ [0, 1] for cr G { + , -} such that 

(i) 9V = 1 on a neighborhood S 1 * n (7* (4/10) for cr = ±, 

(ii) MO + MO = 1 for all £ G S*, 

(iii) = 1 on C*(6/10) and supp£ CT C C*(7/10) n S* for <r = ±. 
Note that the conditions (i) and (ii) above imply that the support of ip a is 
contained in C*(6/10) and, hence, the condition (iii) implies that <jp a = 1 on 
the support of ip a . 

For an integer m, let ip m : E+ © -)• [0, 1] and 4> m : E\ © E*_ -)• [0, 1] 
be C°° functions defined respectively by 

ixm(U\\)^+(.aU\\), ifm>l; 
<M0 = \ Xo(M\\), ifm = 0; 

ix H (llell)^-(e/llell), ifm<-l 

and 

'xm(IKII)-0+fc/IKII), ifm>l; 
^m(0= < Xo(lieil), ifm = 0; 

k XH(lieil)-^-(^/ll^ll), ifm<-l. 
The family {ipm}mei is a C 00 partition of unity on the subspace E*, © E*_ 
and we have ip m e 1 on snpptp m . Note that the functions ip m for m > 
(resp. m < 0) are related each other by similitude. More precisely, we have 

^(0=V'm(2 |m| - |m ' l ifm-m'>0. 

This scaling relation is true also for ip m . Hence, for any a G (Z + ) 2d , there 
exists a constant C a > 0, which does not depend on m, such that 

\\D a il> m \\L°° < C a ■ 2'^ rn and ||D a ^ m || L =o < C a ■ 2~^ m . 

Note that the support of the function ip m (resp. tp m ) is contained in the 
disk on E+ © E*_ with radius 2 m+1 (resp. 2 m+2 ) and center at the origin. 

Next we define C°° functions ip n ,k,m '■ E* ->■ [0, 1] and ip n ,k,m ■ E* ->■ [0, 1] 
for n > and k,m G Z respectively by 

Y>n,fc,m(0 = Xn,fc(0 " V^^V, T^C) 

and 

Y>n, fe ,m(0 = Xn,fc(£) " ^(2^ t ^ C) 
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where £ = (£o 5 £ + Then the family {ipn t k,m \ n > 0, m, k G Z} is a 

C°° partition of unity on and we have ip n ,k,m = 1 on the support of 
From the estimates on the derivatives of Xn,k and ip m (resp. Xn,k 
and i/) m ), we see that, for any multi-index a G (Z_|_) 2rf+1 , there exists a 
constant C a > 0, which does not depend on n, k nor m, such that 

and 

II n a ^f, II ^ r< o~l a !'( n /2)— lalflml 

\\E> Vn,k,m\\L°° < C Q • 2 1 1 w ; 1 'T 1 ; 

where we set 

(2) \a\^ = \a\ — «o for a = (a?o, a^, • • • , , a±, ■ ■ • , oQ) G (Z + ) 2d+1 . 

5.3. Partitions of unity on T^E = H) x E* . As we noted in Remark I5TTI 
we consider the set 

M = {(n, k) G Z + © Z | Xn,k does not vanish completely.} 

as the index set of the partition of unity {Xn,k}- Below we introduce a C°° 
partition of unity on D x E* whose index set is 

T = {(ra,fc,m,k) G A/" © Z © Z 2a!+1 | suppp„ ik n D / 0}. 

To refer the components of 7 = (n, k, m, k) G T, we set 

77,(7) = n ) ^(7) = k, 771(7) = 171 an( i ^(7) = k. 

For simplicity, we put 

Pi = Pn( 7 ),k( 7 ), Zia) = Z(n(7),k(7)) and 0(7) = 2(71(7), k( 7 )). 

Note that, from the condition in the definition of T above, ||^(7)|| for 7 G T 
are uniformly bounded by some constant which depends only on d. 

Recall the diffeomorphism Q y : E — > E defined for y G E by (H|). For each 
7 G r, we consider the linear map 

$ 7 = ((D*, (7) ) )* : r, (7) £* r £*, 
which is characterized by the conditions 

$ 7 (a (^(7))) = «o(0) and $ 7 |s*©£* = id. 
We then define the C°° functions ^ : E* ^ [0, 1] and ^ : E* ^ [0, 1] by 

^7 = V ! n(7) ) fe(7),m(7) $7 and ^7 = ^(7)^(7)^(7) $7- 

Finally we define the family of C°° functions p 7 : T*E — > [0, 1] for 7 G T by 

Pl (x, C) = p 7 (x) • V 7 (£) for (x, £) G T*£ = ExE*. 

This family of functions is a C°° partition of unity on D x E*. In fact, for 
given (n, k) G A/" and k G Z 2rf+1 , we have 

^2 Pj(x, = Pn,k( x ) " Xn,k(0 for ( x ' G 

7:n(7)=n;fc(7)=fc;k( 7 )=k 
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and hence 

^Py(a,f) = l for G D x £7*. 

5.4. Boundedness of the families ?/> 7 and One important property 
of the families ipy and ipy is that they are bounded up to some scaling and 
translation in the following sense. For integers n > and m, we consider 
the linear map J n ^ m : E* —> E* defined by 

For 7 G T, let Ay : E* — > E* be the translation defined by 

Ay(Z)=t + Hl) ■2 B(7)/2 -ao(*(7)), 
which moves the origin to the center of the support of ipy. 
Lemma 5.2. The set of functions 

ifjyoAyO J n(7 ) jTO ( 7 ) and Vj 7 o Ay o J n ( 7 ), m ( 7 ) /or 7 G T 

is bounded in V{E*), that is, their supports are contained in a bounded subset 
in E* and their C s norms are uniformly bounded for each s > 0. 

Proof. From the definitions, we have 

l/jyOAy O J n ( 7 ) )m ( 7 ) 5 fc( 7 )(£0,£ + ,£~) 

= p(Zo) • VW 2M7)I £+ " & • ** + a(z(rf)), - £ • tt* a(*( 7 ))). 

We also have the same formula with ^ 7 and ^> m ( 7 ) replaced by ^7 and "001(7) 
respectively. Therefore the claim of the lemma follows from the properties 
of the functions ip m and ip m that is mentioned previously and the fact that 
||-z(7)|| for 7 G T are bounded. □ 

For n G Z + , m G Z and /x > 0, we define the function bn,m ■ E —> M+ by 

(3) ^n,m("*0 = I det Jn,m\ ' {Jn,m(.%)} ^7 

where (and henceforth) we set 

(l/) = (l + l|y|| 2 ) 1/2 . 
For brevity, we set by = ^0 7 ) m ( 7 ) for 7 G T. Then the last lemma implies 

Corollary 5.3. For each \i > 0, i/iere exists a constant C* > suc/t i/tai 

|F-V 7 (s)| < C* • 6^(a;) and IF" 1 ^)] < C* • ^(x) 
/or all x £ E and 7 G T, where ¥ denotes the Fourier transform. 
Proof. From Lemma 15.21 we see that 

F~ X (-0 7 o J nm ) = I det Jn.mT 1 • (F^V^y) <^m 

is bounded in the Schwartz space S(E). This implies the claim above. □ 
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6. The Hilbert spaces BSZ 
In this section, we define the Hilbert spaces in Theorem 

6.1. Decomposition of functions using pseudodifferential operators. 

For a C°° function p : T*E ->lon the cotangent bundle T*E = ExE* with 
compact support, the adjoint of the pseudodifferential operator p ry (x,D) 
with symbol p 7 is the operator p(x, D)* : L 2 (E) — > L 2 (E) given by 

p(x,D)*u(x) = (2vr)-( M+1 ) / e i ^ x - y) p(y,Ou(y)dydC 



Remark 6.1. The notation p{x,D)* should be read as a single symbol and 
the letter x and D in it have no meaning as variable. We refer to [TTJ [32] for 
the general definition and properties of pseudodifferential operators. But we 
actually need no knowledge on pseudodifferential operators in the following 
argument, since we consider only simple cases as we will see below. 

For u E L 2 (D) and 7 € T, wc set (x, D)*u. From the definition 

of the function p 7 , we may write it in a simpler form as follows. For a C°° 
function ip : E* — > E with compact support, let us consider the operator 
if>(D) : L 2 (E) -»• L 2 (E) defined by 

4>(D)u(x) = (27r)-( M+1 ) J e i ^ x - y) ^{i)u{y)dydi 

= F _1 (V? • ¥u)(x) = (F~ V) * u{x). 

Then we may write as 

u 7 = Pj(x, D)*u = ip 1 (D)(p 1 ■ u) = (F -1 ^) * (p 7 • u). 

Note that we have u = X^ 7 gr u i f° r u ^ L 2 (H>) because {p 7 } 7g r is a 
partition of unity on T^E. Also observe that each ii 7 is localized near the 
support of p-y by Corollary 1 5 . 3 1 and its Fourier transform is supported in that 
of ipry from the definition. 

6.2. The definition of the Hilbert space . For /3 > and v > 2d + 2, 

we set 

11^11^= ]^2^ m ^\\d^-u 1 \\lA foruGC°°(D), 
where = (d 7 ) I/ and dy : E — > R is the function defined by 

1 /2 

d 7 (x) = {2 n ^l 2 {x-z{ 1 ))) = (l + 2^||x-z( 7 )|| 2 ) . 
Then we have 

Lemma 6.2. For < (3 < s and v > 2d + 2, there exists a constant C > 
such that {l/C)\\u\\ w -s < \\u\\p jV < C||ti||w« for all u £ C°°(B). 
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In particular, || • \\r „ is a norm on C°°(B) associated to a unique inner 
product (•,-)/3,y. We give the proof of Lemma [6.21 in the appendix at the 
end of this paper, because it requires some estimates that will be given in 
the following sections. Now we define the Hilbert space 3B% as follows 

Definition 6.3. For < f3 < (r-l)/2 and v > 2d+2, the Hilbert space 38% 
is the completion of the space C°°(B) with respect to the norm || • ||fl„, 
equipped with the extension of the inner product (•, -)p v . 

Clearly it follows from Lemma 16.21 that 

W S (B) C38%C W- S (B) for s > /?. 

Remark 6.4. If we take an appropriate C°° function Pr : T*E — > R that 
approximates ^ 7 2 l3m ^p^ and consider the norm \\u\\p = \\Pp(x,D)*u\\jji 
in the place of the norm || • \\p u in the definition above, we get a Hilbert 
space similar to 33® . Such definition of the Hilbert space should look much 
simpler and, actually, this is what we had in mind in the beginning for the 
definition of the Hilbert spaces in Theorem 13.21 But we adopt the rather 
involved definition of 38% above because it fits directly to the argument in 



the proof and because we like to avoid technical difficulties^ related to 
pseudodifferential operators. 



7. The auxiliary operator M(G,g) 

In this section, we introduce the operator M.{G,g) : — > 

Hilbert spaces, which is an extension of the operator C(G, g) : 

the sense that there exists an isometric embedding i : — ^ 
the following diagram commutes: 



(4) 



Be 



C(G,g) 



B^, between 
%l -> #J in 
B^ and that 



7.1. The definition of the operator M.. For ft > and u > 2d + 2, we 

consider the Hilbert space B^ C {L 2 (E)f defined by 



B 



u 



7er 



7llL 2 



< oo 



( 4 )The main difficulty is that the symbol Pp that we want to consider does not belong 
to the standard classes of symbols in the (classical) theory of pseudodifferential operators. 
It would be very interesting and preferable if our results is formulated, proved or improved 
in terms of pseudodifferential operators. 
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and equipped with the norm 

||u|U 1/ = ^2 2 ^W||^. % ||| 2 . 

7er 

Then the injection i : SSt — > B^, t(u) = (p 7 (x, D)*u)^ eT , is an isometric 

embedding. (Notice that we have i/j 7 (D)ip 7 (D)u = (ip 7 -ip 7 )(D)u = ip 7 (D)u.) 

Suppose that v = £(G,g)u for u G L 2 (B) and set n 7 = p 7 (x, D)*u and 
v-y = p 7 (x, D)*v for 7 G r. Then we have 

(5) Vyi = £ 7 yn 7 , 

where the operator £ 7 y = C y y(G,g) : L 2 (E) — > L 2 (E) is defined by 

(6) £ 77 ,w=py(x,D)*(C(G,g)$ 7 (D)w)). 

Remark 7.1. Since ip-y(D)u 7 = n 7 in the setting above, the operation ip 7 (D) 
in ([6]) is not necessary for (|5|) to hold. But this operation makes sense when 
we regard £ 7 y as an operator on L 2 (E). 

We define the operator Ai(G,g) : B^ — > B^, formally by 

(7) M(G,g)((u 7 ) 7eV )= (S^W^ 

7'er 

Then, by ([5]), the diagram commutes at the formal level at least. In the 
following sections, we will prove 

Theorem 7.2. There exist constants A* > and A* > such that, for 
G : V V in A*) and g G ^ T {V'), the formal definition of M(G,g) 

above gives a bounded operator M.(G,g) : ~Q„ — > B^, for < (3 < (r — l)/2 
and is, u' > 2/3 + 2d + 2, and i/ie diagram commutes. 

Further, for any e > and < /3 < (r — l)/2, i/iere exisi constants 
> 2/3 + 2d + 2, C* > and a family of norms \\ ■ \\^ on for A > 0, 
which are all equivalent to the norm \\ ■ \\r u »> such that, if G : V —> V 
belongs to W.(\,A) for A > A* and A > A* with A > dX and if g G ff r (V'), 
there exists a compact operator K,{G,g) : B0, — > B^ such that the operator 
norm of M(G, g) —)C(G,g) : B^ — > B^ t with respect to the norm \\ ■ is 
bounded by C* ■ \\g\\* ■ 2-( 1 - e ) min {AA/?A}_ 

Since the operator i in ^ is an isometric embedding, Theorem 13 . 2 1 follows 
from Theorem 17.21 immediately. 

7.2. The operator £ 7 y. The operator £ 7 y : L 2 (E) — > L 2 (E) defined in 
the last subsection can be regarded as an integral operator 

£ 77 m(i') = / Kjji (x' , x)u{x)dx 
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with the smooth kernel 
k 7jI (x',x) = J ¥~ 1 ip^(x' - y) ■ py(y) ■ g(y) ■ F _1 ^ 7 (G(y) - x)dy 

(8) = (2vr)- 2 ( 2d+1 ) f e^^'^-^^^-^/vCi,)^^)^^)^^)^^. 
As a simple estimate on this kernel, we have 

Lemma 7.3. For each [i > 0, there exists a constant C* > such that 

\K 7 y(x',x)\ < C* • \\g\\L°° ■ / K,(x' - y) ■ b^(G{y) - x)dy 

Jz(j>) 

for (x, x') £ E x E, 7,7' £ T and for G : V V inU and g £ <r? r (V). 

Proof. The claim follows if we apply Corollary 15.31 to the integration with 
respect to the variable £ and r] in ([8]). □ 

This uniform estimate is quite useful. But we need to improve this esti- 
mate in some cases. In the case where DG^suppV^) for y £ supppy are 
apart from supp ipy , it is natural to expect that the operator norm is 
small. To justify this idea, we use the fact that the term e l ^' x '-y)+ l ( r i,G(y)-x) 
in ([S]) oscillates fast in such case and therefore the integration with respect 
to the variable y in ([8]) can be regarded as an oscillatory integral. 

Let us recall a technique in estimating oscillatory integrals. (See |18l §7.7] 
for more details.) Consider an integral of the form 

(9) / h{x)e if{x) dx 



where h{x) is a continuous function supported on a compact subset in E 
and f(x) a real- valued continuous function defined on a neighborhood of 
the support of h. Take a few vectors v 1, t>2, . . . , Vk in E and regard them 
as constant vector fields on E. Assume that the functions / and h are so 
smooth that Vif, ViVjf and V{h for 1 < i, j < k exist and are continuous on 
a neighborhood of the support of h. Assume also that 

Mf) 2 + Mff H 1" v k {ff + on the support of h. 

Then we can apply integration by parts to obtain 

h(x)e if ^dx = [ Lh(x)e if{x) dx 



where 

i-h- Vj(f) 



Lh 




This formula tells that if the term e l ^ x ^ oscillates fast in the directions 
spanned by the vectors fi,t>2, ■ ■ ■ ,Vk, the term Lh{x) will be small and so 
will be the oscillatory integral ([9]). 
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Assuming more smoothness of the functions / and h, we may repeat the 
operation above and obtain the formula 

(10) / h(x)e ifix) dx = [ L e h{x)e if{x) dx. 



A(n, k, n', k) 



Basically we get better estimate if we exploit this formula for larger t. This 
is the point where differentiablity of the flow gets into our argument. 

Below we give a simple estimate on the kernel K 7 y applying the formula 
(|10p . First we introduce some definitions. For integers n,k,n',k' such that 
(n, k), (n', k') G J\f, we set 

A(n, k, n', k') = log^ (^2~ n ' /2 ■ <i(supp Xn,k, supp Xn',k' 

where log^ t = max{0, log tj log 2}. Also we put 

'o, if |n - n'\ < 1; 

A(n, k, n', k'), otherwise. 

Since ^(suppxn./c) C vrg(suppx njfc ) C [-2 n+2 , 2 n+2 ], we have that 

(11) A(n, fc, n', k') < A(n, fc, n', fc') < max{n, n'} - n'/2 + 2 
in general. If \n — n'\ > 2 and max{n, n'} > 10, we have also that 

(12) A(n, k, n , k) = A(n, k, n , k) > max{n, n'} — n'/2 — 3. 
Hence it holds, in general, that 

(13) \n-n'\<2A(n,k,n',k') + 10. 

Remark 7.4. For each (n, A;) G A/", the cardinality of (n', fe') G AA such that 
A(n,k,n' ,k') = (resp. A(n' ,k' ,n,k) = 0) is bounded by an absolute 
constant. 

Looking into the definition of A(n,k,n',k') more closely, we see that, for 
each s > 1, there exists a constant C* = C*(s) > such that 

(14) 2- sA ^ k ' n '' k '^ < C* for any (n, k) G AA 
(n',k')eAf 

and that 

(15) 2 - S A(n,fe,n',fe') < ^ for any ^ ^ G A/ -_ 

For (7,7') G r x r, we will write A(7,7') and A(7, 7') respectively for 

A(n( 7 ),A;(7),n(7 , )^(7 / )) and A(n( 7 ), k(j), n(V), %'))■ 
Lemma 7.5. For each jjl > 0, i/iere exists a constant C* > suc/i f/mi 

|« ry /(x , ,x)|<C,-2- r *- A ^)y|»- / 6 .(x'-y)-^^)-*)^ 

JZ( 7 ') 

/or any (7,7') G T x T and any (x,x') £ E x E. The constant C* does not 
depend on G : V' — ^ V in H nor on g G ^(V'). 
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Proof. We suppose A (7, 7') > 0, since the conclusion is a consequence of 
Lemma 17.31 otherwise. By definition, the condition A (7, 7') > implies 

l^oi 7 ! ~ 0\ — 2 n( ' 7 )/ 2+A ( 7,7 ) whenever £ G suppi/v and r\ G supp?/> 7 . 

Apply the formula (JTUD to the integral with respect to y in (jSJ), setting £ = r*, 
A; = 1 and {^j}j =1 = {^o}. Then we obtain the expression 

(16) k^{x',x) = J U e i ^ x '-^- i ^' G ^- x >R(y,^ri)dridAdy 
where 

1 J (2^) 2 ( M + 1 )(7r*(r ? -0) r * 

From Lemma 15.21 there exists a constant C a > for each a G Z^_ d+1 , which 
does not depend on 7, such that 

||L> a V 7 ||L°° < C a 2-l a l n W/ 2 -l Q ltl m WI, || 13°^ || i0 c < ^ Q 2-l a l n W/ 2 -l Q ltl m WI 

where | ck|+ is that defined in (|2|). This and the estimate on |7Tq (77 — £)| 
above imply that, for any multi-indices a, /3 G there exists a constant 

C a /3 > 0, which does not depend on G G H, g G "if (V 7 ) nor on (7, 7') G TxT, 
such that 

||<9?<9^-R||l°o < C Q/ g • • 2~ r *- A ( 7 ' 7 ')-| a l n W/ 2 -| Q ltl ,n (')')|-|/ 3 l n (V)/2-|/3|tl™.(7')l_ 

Again from Lemma 15.21 the (2d + l)-dimensional volumes of the supports 
of V 7 and ^ 7 are bounded by C* • 2( 2d+1 ) n W/ 2+M l m WI with C* a constant 
independent of 7. Therefore we have 

[x' - y) a ■ {G{y) - xf ■ [ e^'-^-^Gfe)-*}^ ^ ^ dr]d ^ 



M^'-y)-i{v,G{y)-x) d a d P R ^ y ^ d ^ 

< c a p • a • \\g\u • 2( M+1 ) n «/ 2 + 2d i m «i 

. 2 -r.-A(7,7')-|a|n(7)/2-|a| t |m(7)|-|/3|n(7 / )/2-|/3| t |m(7 / )| 

for any multi-indices a and /3. This implies that the integral with respect 
to £ and 77 in the bracket (•) in (|16p is bounded by 

C* • 2-*- A ^')|| 5 ||, • &£(x' - y) ■ b»(G(y) - x) 

in absolute value. Since the integral vanishes when y ^ supppy C Z(j'), 
we obtain the claim of the lemma. □ 

8. Preliminary discussion to the proof of Theorem 17.21 

In this section, we give preliminary discussion to the proof of Theorem 1 7. 21 
For brevity, we henceforth write M and C respectively for M(G,g) and 
C(G,g), though we keep in mind dependence of M. and C on G and g. 
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8.1. The compact, central and hyperbolic part of A4. In the proof 
of Theorem 17.21 we divide the operator Ai into five parts and consider 
each parts separately. To this end, we divide the product set T x T into 
five disjoint subsets TZ(j) for < j < 4 and define the corresponding part 
Mj : -> B J of M formally by 

(18) At;(K) 7 er)= £ £ 

\ 7 :(7,7')G^(j) 

The definition of the part M$ is simple. Let K > be a large constant, 
which will be determined in the course of the proof, and set 

n(Q) = {(7,7') £ r x r I max{n(7),|m(7)| J n(Y),|m('/)|} < if}. 

The corresponding part .Mo defined by (|18p for j = is called the compact 
part of Ai(G,g). This is because we have 

Proposition 8.1. The formal definition of the operator Mq gives a compact 
operator Aio : — > B^, for any u, v' > 2d + 2. 

Proof. For 7 6 T, let L 2 (E; dty be the Hilbert space of functions u S L 2 (E) 
such that • ^Hl 2 < °°! equipped with the obvious norm. Then 

(19) C w :L\E;d;)^L 2 (E;d u y) 

is a compact operator, because its kernel (JS|) is smooth and decays rapidly 
as we saw in Lemma 17.31 Since 7£(0) contains only finitely many elements 
by the definition of T, the statement follows immediately. □ 

The part .Mo will turn out to be the compact operator K,{G, g) in the 
latter statement of Theorem 17.21 

The definition of the part M\ is also simple. Let 0<<5<l/10bea 
constant that we will fix soon below. For given A > 0, we set 

K{1) =11(1; X) 

= {(7,7') 6 T x T \ K(0) I max{|m( 7 )|, |m( 7 ')|} < SX, |n( 7 ) - n( 7 ')| < 1}. 

The corresponding part A4i is called the central part of M. The remaining 
part is called hyperbolic part and will be divided into three parts. 

8.2. Setting of constants. In the proof, we set up constants as follows. 
We henceforth suppose that < (3 < (r — l)/2 and e > in the statement 
of Theorem 17.21 are fixed. We first choose < 5 < 1/10 so small that 

(2/3 + 5d + 2)<5 < e. 

Then we choose v*, A* and A* in the conclusion of Theorem [72] so large that 

> 6(/3/<5 + d+l) 

and that 

A, > 40, 2 5A *~ 10 > 10 2 V2d+ 1, A, > dA*. 
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The conditions in the choice above are technical ones. The readers should 
not care about them too much at this stage. We present them only to 
emphasize that the choices are explicit. 

Once we set up the constants 5, v*, A* and A* as above, we take A > A* 
and A > A* such that A > dX and then take an arbitrary diffeomorphism 
G : V — > V in T~L(\, A) and an arbitrary function g in ^(V'). This is the 
setting in which most of the argument in the following sections is developed. 

The readers should be aware that the choice of the constant K > in the 
definition of 7£(0) is not mentioned above. We will choose the constant K 
in the course of the proof and the choice will depend on the diffeomorphism 
G and the function g besides A and A. This does not cause any problem 
because Proposition 18.11 holds regardless of the choice of K. In the proof, we 
understand that the constant K is taken so large that the argument holds 
true and will not mention the choice of K too often. 

In the proof, it is important to distinguish the class of constants that are 
independent of the diffeomorphism G : V — > V in %(\, A), the function 
g : V — > M. in ^(V') and the choice of A and A. To this end, we use a 
generic symbol C* for such class of constants. On the contrary, we use a 
generic symbol C(G,g) (resp. C(G)) for constants that may depend on G 
and g (resp. on G) and also on A and A (resp. on A). Notice that the 
real value of constants denoted by C*, C(G,g) and C(G) may change from 
places to places in the argument. 

8.3. Norms on B^. In the proof, we consider the following family of norms 
on for A > 0, rather than the original norm || • \\g u in the definition: 



u llf£ = y> (A) M7)) 2 ■ IK • *y\\h for u = (n 7 ) 7er e B* 



where 




(20) w {x) (m) 



' 2 ^(m+2A) ) if m> £A; 
1, if \m\ < 5X: 



2 ^(m-2A) ) if m< _£A. 
This family of norms are all equivalent to the original norm || • \\p u because 

(21) 2 f3(m-2\) < y/A) (m) < 2 /3(m+2A) > 

The family of norms || • \\g l, t will turn out to be the norms || • in the 
latter statement of Theorem 17.21 

Remark 8.2. In reading the proof in the following sections, it is a good idea 
to ignore the pairs (7,7') with (^(7) — n{^')\ > 2 provisionally. Lemma 17.51 
tells that the operators £ 7 y for such pairs are very small and basically 
negligible. Also it may be helpful to consider the case where G is a linear 
map and g is a constant function first. Then the reader will find that a good 
part of the argument is rather obvious or simple in such case. 
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9. The hyperbolic parts of the operator M (I) 

In this section and the following two sections, we consider the hyperbolic 
part of the operator M. We divide it into three parts, namely, M2, M3 an d 
M4, and estimate the operator norms of each part separately. The rough 
idea in this division is as follows. From the definition of the operator £ 7 y , 
we naturally expect that the operator norm of £ 7 y should be small if either 

(A) G(z('y')) is apart from 2(7), or 

(B) DG*(suppijj'y) for y G supply are apart from supply. 

Roughly, M% and M^ consist of components £ 7 y for pairs (7,7') in the 
case (A) and (B) respectively. We will in fact prove that the operator norms 
of and M^ are small in Section [10] and [TTJ The remaining components 
£ 7 y are assigned to the part M.2- The operator M2 gives raise to the factor 
2~/ 3A i n the claim of Theorem 17.21 

9.1. The operator M.2- We first define the operator M.2 as follows. 

Definition 9.1. Let K(2) be the set of pairs (7, 7') G T x T \ (K(0) U K{1)) 
such that n = n("f), k = ^(7), m = 774(7), n! = 71(7'), k' = £(7') and 
m! = 771(7') satisfy at least one of the following two conditions: 

(a) m! < m - A + 10A(ra, k, n', k') + 20, and 

(b) \n — n'\ < 1 and either vnl < —5X < m or ml < 5X < m. 
Let M2 be the part defined formally by (I18p with j = 2. 

For the operator M2, we have 

Proposition 9.2. The formal definition of the operator M2 in fact gives a 
bounded operator M2 '■ — > B^, for any v,v' > 2d + 2. Further, for any 
v,v' > 2d + 2, there is a constant C* > such that we have 

||A4 2 (u)|| W < C„ • \\g\U ■ 2-^ ■ ||u||W /or u G B^ ; 

forG :V in H(X, A) and g G ^ r (F') provided A > A* and A > A*. 

Proof. For a combination (n, fc, m, n', fc', m') G (J\f © Z) 2 , we set 

u/ A )(m') 



(22) K u ,u 1 — 9- r *' A ( Tl ' A; ' n '' fc ') . 

**-n,k,m,n' ,k' ,m' — ^ 



u)( A )(m) 



We need the following sublemma of combinatorial nature, whose proof is 
postponed for a while. 

Sublemma 9.3. There exists a constant C* > such that 

(23) sup Yl K ^ ,m,n' ,k' ,m' 

(n',fc',m')eAteZ V n ifc(W w, m , / 
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2 r , 



and 



(24) sup I Yl K n,k ,m,n' ,k' ,m' 

(n,fc,m)eAr®Z \ n , k , m ,, n ^ m 



where T,n',k',m':n,k,m ( res P- En,fc,m:n',fc',m') denotes the sum over (n',k',m') 
(resp. (n,k,m)) in M © Z such that the combination (n, k,m,n' , k' ,m') 
satisfies 

(25) max{n, \m\, n', \m'\} > K, 

and at least one of the conditions (a) and (b) in the definition oflZ{2). 
For (n, k,m) G M © Z, we set 

(26) v njk ,m(x) = ^2 d 2v (x) ■ |u 7 (x)|' 

\^:n,k,m 

where X^-n k m denotes the sum over 7 G T such that 71(7) = n, £(7) = k 
and 771(7) = m - Then we have, by Schwarz inequality, that 

(27) ^2 \uj(x)\ < ^ d/^x) • u n ,fe,m(^) < C* • u n) fc, m (a;). 

7:n,fc,m \7:n,fc,m / 

From Lemma 17.51 for /j = z/ + 2(f + 2, we have the following estimate on the 
kernel K y y of the operator £ T y : 

\d<(x')- KyY (x',x)\ < a-2- r - A ^')|| 5 ||,. / b 2 J+ 2 (x'-yyb^(G(y)-x)dy. 



Hence, by Young inequality, we obtain 



< c* 



L 2 



A' 



Z( 7 ') 



u ,( A )( m ) 



| & n,m * «n,fc,m|G(Z( 7 '))|| L 2 



for 7' 6 T such that 77(7') = 77', £(7') = /V and 777(7') = m ' ■ Since the 
intersection multiplicity of Zip/ 1 ) for 7' £ T such that 77(7') = n', k{^') = k' 
and 777(7') = m ' 1S bounded by some constant depending only on d, it follows 
(28) 

2 



7':n',fc',m' 



^ ^ G^,/ jC'y'y' 77-y 

7:n,fc,m 



L 2 



n,k,m,n'k'm' " 



w 



(A)( m >) 
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For u = (n 7 ) 7e r 

, we have by definition that 
ll^2(u)||W ) 2 = 5>< A >(m') 2 • ||<, • A4 2 (u) y || 2 2 



E E ™ (A V) 5 

n' ,k' ,m' 7':n',fc',m' 



E E £ - 

>n,k,m:n',k',m,' 7:71, fc,m 



L 2 



From (|23p and Schwarz inequality, this is bounded by 

C*||s||*-2-^ 



E E - (A V) 2 E 

n',k',m' ■y' :n' ,k' ,m' n,k,m:n' ,k' ,m 

and hence by 

E E 



7 li i n>k,m,n' ,k' ,m' 



E < c 



77' 



"/:n,k,m 



L 2 



C+\\g\\* ■2"^^W(m') ! 



n'k',m' n,k,m:n'k'm' 



K, 



n,k,m,n' ,k'm' 



E 

j':n',k',m' 



E < £ i 



"f.n,k,m 



L 2 



< E E 1 1 p 1 1 * • 2 ^ • K n ,fc,m,n',ifc',m' • u> (A) (m) 2 • ||« n)ft 



i|2 
m|li2 



n,k,m n'k',m':n,k,m 



<CJg\ 



-2/3A 



E ^ (A) (m) 2 - HUn.fc.mllia = C*|| 5 ||* -2" 



-2/3A 



U 



|(A)n2 



n,k,m 



where the first inequality follows from (|28[) and the second from (|24p . Thus 
the conclusion of Proposition 19.21 holds. 

We now complete the proof by proving Sublemma [ 



Proof of Sublemma \9.3[ In the argument below, we consider combinations 
(n,k,m,n',k',m') G (A/" x Z) 2 satisfying (j25|) and at least one of the con- 
ditions (a) and (b) in the definition of TZ(2). And we will further restrict 
ourselves to the cases (I) \n — n'\ < 1 and (II) \n — n'\ > 2 in turn and 
prove the claims ([23]) and ([23| with the sums replaced by the partial sums 
restricted to such cases. This is of course enough for the proof of the sub- 
lemma. 

Let us first consider the case (I). Suppose that the condition (a) in the 
definition of TZ(2) holds in addition. Since A(n, k, n' , k') = in the case (I) 
by definition, we have m' < m — A + 20 < to — 25X from the choice of 5 and 
A*. Hence, recalling the definition of ti/ A )(m) in (|20p . we have 

(29) WW < 2^ m '-^- r * A ^ n '^\\g\U. 

Next, suppose that the condition (b) in the definition of 11(2) holds. Then 
we have to' < m and hence 

\o\J) J^-n.k.ra.n 1 ,k' ,m' z lli/ll*- 

Therefore, considering each of these two subcases (a) and (b) separately and 
using (fT4|) and (fT5j) . we obtain the required inequalities for the partial sums. 
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Let us consider the case (II). Note that the condition (a) in the definition 
of 11(2) holds for combinations (n,k,m,n' ,k' ,m') in this case and we have 
A(n, k, n', k') = A(n, k, n' , k') from the definition. Let us consider three 
subcases: 

(i) The subcase where max{ 77,77'} < if/100 and m and m! are on the 
same side of the interval [— 6X, SX]. In this subcase, we have ([29]) . 
which can be written as 

K ~ P(m' -m-V)A(n,k,n' ,k'))-{r*-10/3)A(n,k,n' ,k') 11 _ 11 

-"■n,fc,m,n' ,k' ,m' * \\9\\*- 

(ii) The subcase where max{n,n'} < if/100 and m and m! are not 
on the same side of the interval [— <5A, <5A]. In this subcase, we have 
m! — m < —K/2, because max{|m|, \m'\} > if from (|25p and because 
A(n,k,n',k') < if/50 from (ITT]) . 

(iii) The subcase where max{n, n'} > if/100. In this subcase, we have 
A(n,k,n',k') > if/200 - 3 from (TT2]) . 

Note that we have 

<- 9 /3(m'-m)-r» A(n,fc,n',fc')+4/3A 11 || 
- I1 n,fe,m,n' ,fe' ,m' ^ lli/||* 

(that holds in general) in the latter two subcases. Consider each of the three 
subcases above separately. Then, by using (IT4l) . ([T5]) and the condition (a) 
in the definition of 7Z(2), it is easy to obtain the required inequalities for the 
partial sums, provided that we take sufficiently large constant K. □ 

9.2. A dichotomy in the remaining case. In this subsection, we prove 
a lemma which tells roughly that each pair (7, 7') that belongs to neither of 
7Z(j) for j = 0,1,2 falls into either of the situation (A) or (B) mentioned in 
the beginning of this section. First of all, we note that a pair (7, 7') £ T x T 
belongs to neither of 71(0), 1Z(1) or 7^.(2) if and only if n = 71,(7), & = ^(t)j 
m = 772,(7), n ' = n (l')i k' = M7O an d th' = 771(7') satisfy the conditions 

(Rl) max{n,re', \m\, \m'\} > K, 

(R2) max{|m|, \m'\} > 5X if \n — n'\ < 1, 

(R3) m! > m - A + 10A(n, k, n' , k') + 20, and 

(R4) neither m' < —5X < m nor m' < 5X < m if |n — n'\ < 1. 

For convenience in the later argument, we list the following immediate con- 
sequences of (R1)-(R4): 

(R5) m' > m - X + 20, 

(R6) either m < or m' > 0, 

(R7) if \n — n'\ < 1, we have max{— m, m'} > 5X, 

(R8) if 1 77, — n'\ > 2, we have 

max{— 777, m'} > 2max{n, 77'} and max{— 777, m'} > if/100. 

Proof of (R5)-(R8). (R5) follows from (R3), and (R6) follows from (R7) 
and (R8). (R7) follows from (R2) and (R4). If max{77, n'} > if/100, (R8) 
follows from (R3) and (112H . Otherwise we have max{|777|, \m'\} > if from 
(Rl) and hence max{— 777, m'} > if/2 from (R5), which implies (R8). □ 
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Next we give a few definitions in order to state the next lemma. For a pair 
(7,7') € T x T that belongs to neither of TZ(j) for j = 0, 1,2, we set 

^(7 j 7') = D(n, m i n ' > m ') an d ^(7> 7') = D(n, to, n', m) 



D(n, to, n , m ) 



where n = n(7), m = 771(7), n ' = n (7') an d Jw' = 771(7') anc^ 

to' + n'/2, if to > 0, to' > 0; 

D(n, to, n , to') = < —to + n/2 + A, if to < 0, to' < 0; 

max{— to + n/2 + A, to,' + n'/2}, if m < 0, m' > 0, 

and 

to' + n'/2 - n + A, if to > 0, to' > 0; 

—to — n/2, if to < 0, to' < 0; 
max{— to — n/2, to' + n'/2 — n + A}, if to < 0, m,' > 0. 

Let n 2 : E* — > E+ © El be the projection along the line (oto(z)) spanned 
by ao(z). Then we have, from the definition of ao, that 

(31) -n z /(C)|| < \tto(0\ ■ Ik-^'ll for £ G E* and z, 2/ G E. 
Recall 2(7) and Z{^) defined in Subsection 15. II We show 

Lemma 9.4. If d{G(Z(-y')),z(i)) < 2 5 ^^^- 10 for a pair (7,7') G V x V 
that belongs to neither oflZ(j) for j = 0, 1,2, we have 

(32) d(H z(Y) (supply ),n, (y) (£>G*(su P p^ 7 ))) > 2 D ^- W 
for all y G Z{^'). Further, if 

(33) max{|TO(7)|, |m(7')|} < max{n(7), n(7')}/4 

in addition, we have f or all y £ E such that \\y — z(7')|| < 2~ n( -" 1 ^ 3 . 

Proof of Lemma\94\ Take (7,7') G (T X T) \ U 2 j=0 K(j) and set n = 71(7), 
/c = A:(7), to = m,(7), n' = n{^'), k' = ^(7') and to' = 771(7'). We first prove 
the following claim. 

Sublemma 9.5. If w G Z(Y) sate/^es ^(w^arfr)) < 2 B ( n > m > n ' ' m ')-8 , we 
have that d(U z{Y) {supp^y),U z{Y) (DG* w {suppip y ))) > 2 D ( n > m > n '> m ')- 8 . 

Proof. We prove the claim only in the case to > and to' > 0. The proofs 
in the other cases are similar and left to the readers. Note that we have 



n z ( 7) (supp7/> 7 ) = LT+_ ^supp ij} n> k, 

from the relation & z (aQ(z)) = ao(0). (Recall the definition of ifi~.) Thus 
il z ( 7 ) (supp t/> 7 ) is contained in the disk in E+ © E* with center at the origin 



(^Because of (R6), we do not consider the case (m > and m' < 0). 
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and radius 2 m+n / 2+2 . By (J3T]) . the HausdorfT distance between the subsets 
nc(«))(supp tp-y) and IL^) (supp -0 7 ) is bounded by 

2«+2 _ d(Q(ui) 2(7)) < 2 n+2+D ( n ' m ' n ' > m ')-8 = 2 m '+ n '/ 2 +^-6 

Hence the subset IL^y^supp^) is contained in the disk H>+_(R) in the 
subspace E+ © E*_ with center at the origin and radius 

— 2"i'+«72+A-5 y 2 m +™/ 2 + 2 _|_ 2 m '+ n '/ 2 + A_6 

where the inequality is a consequence of the condition (R3) and (|13p . 
Since G preserves the contact form cto, we have that 

n w (L>G^(supp^ 7 )) = DG*(n G(w) (supp^ 7 )). 

Note that the condition (H2) and (H3) in the definition of Ti(\, A) implies 
that || (£(?*) (£)|| > 2 A ||£|| for ^ e (£* e ) \ C* (1/10). Therefore the 
subset n w (£G* (supp-^)) is contained in W + _(2- x R) U C* (1/10). 

Again by (|3lT) . the Hausdorff distance between II s ( 7 /)(.DG^(supp , 7 )) and 
n w (DG^(supp , (/ , 7)) is bounded by 

2 n+2 • d(w, z( 7 ')) < v/^TT • 2 n -"'/ 2 + 3 . 

If we set 

R' = 2- x R + 10 2 V2d + l ■ 2™-"'/ 2 +3 ) 

we find that W + _{R') U CI (2/10) contains the y/2d + 1 • 2 n - n '/ 2+3 neigh- 
borhood of B!j_ _(2~ X R) U CI (1/10) by elementary geometric consideration. 
Therefore n z(y) (L>G^(supp^ 7 )) is contained in W + _(R') U 01(2/10). 

On the other hand, the subset II z ( 7 /)(supp Vy) = n^_ _(supp Vv,fc',m') is 
contained in C?j_(6/10) and bounded away from the disk B+ _(2 m '+™7 2 - 1 ) = 
B*j_ _(2~ A+4 i?) by definition. Thus the claim follows if we prove 

10 2 v / 2dTT- 2 n ~ n ' /2+3 < 2 A i2 = 2 m ' +n '/ 2 - 5 . 

If \n — n'\ < 1, this follows from (R7) and the choice of A*. Otherwise this 
follows from (R8), provided that K is sufficiently large. □ 

Now we prove Lemma 19.41 by using the sublemma above. Let us first 
consider the case where (|33p holds. Note that we have max{n, n'} > K 
from (Rl) and \n' - n\ < 1 from (R8). Corollary EL"2l tells that 

||L>G*(£) - DG* Z{Y) (0\\ < C(G,g)(2 n+2 • (2-™/ 3 ) 2 + 2 ™/ 2+ H • 2"/ 3 ) 

^ G(G g) • 2^^ 2 ^ max { n > n '} <^ 2^ ) ( n ' ?n ' n '» m ') — 10 

for £ G supp -^7 and y £ E such that d(y, 2(7')) < 2~ n / 3 . (Note that the last 
condition on y holds if y G Z(~f').) Clearly the claim of the lemma follows 
from this and the sublemma. 
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Remark 9.6. The argument above is one of the key steps in our argument, 
in which we used a consequence, Corollary 14.21 of the fact that the flow 
preserves a contact structure. 

Next we consider the case where (|33h does not hold. By virtue of the 
sublemma, it is enough to show 

(34) diam G(Z( 7 ')) < 2 5( > n ' m ' n '- m ')-io ( 

since this and the assumption of the lemma imply that all w G 
satisfy the condition d(G(w), z(-y)) < 2 h[n ^ n ' >')- 8 . Note that we have 
diamG(Z( 7 ')) < C(G)-2~ n '/ 2 . If \n-n'\ < 1, we have max{-m, m'} > K/5 
from (Rl) and (R5), and hence (|34p holds provided that we take large K 
according to G. Otherwise (|34p follows from (R8) immediately. □ 

10. The hyperbolic parts of the operator M (II) 
Let 11(3) be the set of pairs (7, 7') £ T x T \ Uf =0 Tl(i) such that 

(35) d(G(Z( 7 ')),z( 7 ))>2^')- 10 . 

We consider the part M.3 defined formally by (fl~8l) for j = 3. This part 
corresponds to the case (A) mentioned in the beginning of Section [H Below 
we prove 

Proposition 10.1. The formal definition of the operator in fact gives 
a bounded operator : — > B^, for any > 2/3 + 2d + 2. Further 
there is a constant C* > such that we have 

\\Ms(n)\\fl < C4g\\ Lao ■ 2-^ ■ [|u||<& for u G 

forG :V in H(X, A) and g G <*f? r (F') provided A > A* and A > A*. 

Proof. The structure of the proof is similar to that of Proposition 19.2} 
though we consider combinations (n, k, m, n' , k' , ml) in (A/"0Z) 2 that satisfy 
the conditions (R1)-(R4) for this time. We set 

K _ r)-(iy-2d-2)iD(n,m,n',m')+n/2)-r t A{n,k,n',k') m m ^_ ( m 

And we use the following sublemma of combinatorial nature in the place of 
Sublemma 19.31 whose proof is postponed for a while. 

Sublemma 10.2. There exists a constant C* > such that 

sup f V K n , fc , m , <fcW ) < c,|y, • 2 -(- 2 ^-^+^ 

v ' ' ' yn,k,m\n' ,k' ,m' J 

and 

S up f ^ x^ im ,„^ ) < aw* • 2 -(^- a *- 2 )*^ 

(n,k,m)£j\f®l, \ , , , ,1 1 I 
y ' ' ' \n' ,k' ,m'\n,k,m I 
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where E n ',k',m'|n,fc,m ( res P- £n,fc,m|n',fc',m') denotes the sum over (n 1 \k! ,m') 
(resp. (n,k,m)) in N "®Z smc/i i/iai (n, k,m,n' , k' ,m') satisfies (R1)-(R4)- 

We continue with the proof of Proposition 110. li We first see that it holds 

(36) dr(x)" 1 < 2- 5 ^')- n W/ 2+n • (2 n W/ 2 (G(y) - x)) 

for ( 7 ,y) G 72(3), y G Z(V) and x <E E. If ||x - z( 7 )|| > 2 5 (™'')- 11 , the 
claim is trivial. Otherwise we have, from the definition of 72(3), that 

||G(y) - x\\ > \\G(y) - *( 7 )|| - \\x - z( 7 )\\ > 2^')-n 



i-i 



and hence the right hand side of (|36p is not smaller than 1 > cL,(x 

From the inquality (|36p and Lemma 17.51 for \i = max{z/, v'} + Ad + 4, we 
obtain the following estimate on the kernel ) of the operator £ 7 y: 



\d U y(x')K jY (x',x)d- U+2d+2 ( X )\ 

<aii5il*-2" 



~(u-2d-2)(D(n,m,n',m')+n/2)-r,A(n,k,n',k') 



bl^(x'-y).b»- 



-u+2d+2 



7 



(G(y)-x)dy 



for (7,7') G 72(3), where n = 71(7), A; = A; (7), m = 771(7), n ' = n {l'), 
k' = A;( 7 ') and m' = 777,(7'). 

Since the intersection multiplicity of Z{^') for 7' £ T such that 71(7') = 77/, 
k(j') = k' and 777(7') = m ' i s bounded by some constant depending only on d, 
we have, from the estimate above and Young inequality, that 

2 



7 / :n',fe',m / 7:n,fc,m;7' 



L 2 



< a • 



K 



n,k,m,n'k',m' 



W 



E * 

7:71, fc,m 



ix— 2d— 2 I 

7 



2 

L 2 



for u = (n 7 ) 7g r G B^, where Yl\- n k m-y denotes the sum over 7 G T such 
that 77(7) = 77, £(7) = k and 777(7) = m and that (7,7') G 72.(3), while 
Y^-y-nkm denotes the sum over 7 G T such that 77(7) = 77, £(7) = k and 
777(7) = m - Applying Schwarz inequality as in (|27p . we get 

2 



E 

7':n',fc',m' 



7:n,fc,m:7' 



< a 



L 2 



n,k,m,n' ,k' ,m' " 



W 



\Vn,k,m\\ ^2 



where v n ^, m is defined by (126j) . Once we have this estimate, we can proceed 
just as in the last part of the proof of Proposition 19.21 using Sublemma 110.21 
in the place of Sublemma 19.31 an d conclude that 



||M3(u)||^,<a||5 



-(i/-2/3-2<2-2)<5A+4/3A 



U 



I (A) 
\/3,v 



for u G B£. 
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This implies not only that : — > B^, is bounded but also the latter 
claim of the proposition because — (y* — 2/3 — 2d — 2)<5A + 4/3 A < — j3X from 
the choice of . We finish the proof by proving Sublemma 110.21 

Proof of Sublemma MO.SX In the argument below, we consider combinations 
(n, k,m,n' , k' ,m') in (A/" x Z) 2 that satisfy the conditions (R1)-(R4). From 
the definition of D(n,m,n' ,m'), we have that 

D(n, m, n , m!) + n/2 + \n — n'\/2 > max{— m, m'} 

and hence, by (|13p . that 

2D(n, m, n', m) + n + 2A(n, k, n , fc') + 10 > 2 max{— m, m'} > m! — m. 

Using this and (i21~|) , we see that K n k m n' k' m! 

is bounded by 

(37) C II dl • 2 _ ^ _2 ^ _M_2 ^^( n ' m ' n '' m ') +n / 2 )~( r '*~ 2 ' 9 ) A ( T1 ' fc ' n '' A:/ ) +4 ' 9A 

Below we proceed as in the proof of Sublemma l9.3l We restrict our attention 
to the cases (I) |n' — n\ < 1 and (II) |n' — n| > 2 in turn, and prove the 
claims with the sums replaced by the partial sums restricted to such cases. 
Let us first consider the case (I). In this case, we have, from (137p . that 

K < C \\n\\ n-(v-2/3-2d-2)max{-m,m'}-(r t -2l3)A(n,k,ri,k')+4:P\ 

^>-n,k,rn,n' ,k' ,m' _ " * 

Note that there exists a constant C* > such that 

(38) 2 - ( - u -^- 2d -^ ma ^- m ' m ^ < C* for any m' 

m:(R5), (R7) 

and 

(39) 2-^- 2p - 2d -^ m ^- m ' m '^ < C* for any m 

m':(R5), (R7) 

where E m:(R5) , (R7) (resp. Em':(R5), (r?) ) denotes the sum over m (resp. m') 
satisfying both of the conditions max{— m, m'} > 5 A and m! > m — A + 20 
that come from (R5) and (R7) respectively. Therefore, taking (|14p and ()15[) 
into account, we obtain the required estimates for the partial sums. 
Let us consider the case (II). In this case, we have 

D(n, m, n' , m!) + n/2 > max{— m, m} — max{n, n } > max{— m, m'}/2 

from (R8). Hence it follows from the bound (|37p above that 

K < r llnll n-(v-2P-2d—2) max{-m,m'}/2-(r»-2/3)A(n,fc,n',fc')+ 4 ^ 

^n,k,m,n' ,k' ,m' -i ( -'*||y||* ^ ' 

Using this estimate and taking (R5) and (R8) and also (fT4"j) and (fT5|) into 
account, we obtain the required inequalities for the partial sums. (In this 
case, we can make the constant C* in the required inequality arbitrarily 
small by taking large K.) □ 
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11. The hyperbolic parts of the operator M (III) 

In this section we consider the remainder of the hyperbolic part. We set 
TZ{4) = T x T \ (u'f =0 K(i)) and let M4 be the part defined formally by CE]) 
for j = 4. This part corresponds to the case (B) mentioned in the beginning 
of Section [9j Below we prove 

Proposition 11.1. The formal definition of the operator M4 in fact gives 
a bounded operator M.^ : B> — > B^, for u, v' > 2d + 2. Further, there exists 
a constant C* > such that we have 

\\M,(u)\\fl < C7, • \\g\U ■ 2^ A \\u\\fl for ueBf 

forG :V ->V in H(\, A) and g G tf r (Y) provided A > A* and A > A*. 

In the proof, we need the following lemma which gives a delicate estimate 
on the kernel k~~i of £w that results from applications of integration by 
parts. We will prove it after finishing the proof of Proposition 111. 1L 

Lemma 11.2. For \i > 2d + 2 and \j! > 0, there exist a constant C* > 0, 
and another constant C(G,g) that may depend on G and g, such that 

\k 77 '(x',x)\ < C(n(7),m(7),n(7'),m(7')) 

• 2- r *- A <™ / > J ^(x' - y) ■ d-? d -\y) ■ b»(G(y) - x)dy 

for (7, 7') G 7£(4) and x, x' G E, where we set 

(40) C(n,m,n',m') =C,\\g\U2-^^ n ' m ^^- n '^ 

+ C(G ^)2~( r_1 ^- D ( n ' m ' n '' ,n ') _n '/ 3 ) 
in the case max{|m|, \m'\} < max{n,n'}/4 and set 

(41) C(n, m, ri, m') = C{G, g ) 2 -( r - 1 )( D ( n ^ n ' >'W 72) 
otherwise. 

Proof of Proposition The structure of the proof is again similar to that 
of Proposition 19.21 though we consider combinations (n,k,m,n' ,k' , m') in 
(TVe Z) 2 that satisfy (R1)-(R4), as in the proof of Proposition daU We fix 
fj, > v' + 2d + 2 and fjf > 6/3/5 + 2/3 and let C(n,m,n' ,m') be that in Lemma 
111.21 for such fi and //. For this time, we set 



K ntk>mt<v , m . = C(n,m,n',m') • 2~ T " A ^ n '^ ■ 



We use the following sublemma, whose proof is postponed for a while. 
Sublemma 11.3. There exists a constant C* > such that 



sup 



V K h tu, ,\<C\\a\\ .2-^'- 2 ^ 5x+ ^ x 
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sup 

(n / ,Jfc',m')£A/ffiZ 



V K u ,u, ,\<C\\a\\ ■ o-W-W^+W* 

/ j ll n,k,m,n' ,k' ,m' I ^ > - y *l|y||* * 
> n,fc,m|n',fc',m' 



w/iere £„',fc', m '|n,fc, m (resp. En,fc, m |„', fc ', m ') deno/es ffre sum over (ri , k' , m') 
(resp. (n,k,m)) in J\f ©Z suc/i //ia/ (n,k,m,n' ,k' ,m') satisfies (R1)-(R4)- 

By the same argument that we deduce f)28[) from Lemma 17.51 in the proof 
of Proposition 19.21 we can deduce the following estimate from Lemma lll.2l 

2 



7':n',fc',m' 



■y:n,k,m;f' 



< a 



L 2 



a: 



n,k,m,n' ,k' ,m' " 



It! 



( A )(m') 



|^n,fc,m||£2 



for u = (u 7 ) 7er £ Bg, where f„,fc,m is defined by ([26D and X^^.y 
denotes the sum over 7 £ T such that 71(7) = n, ^(7) = fc and 771(7) = 771 
and that (7,7') £ 7^(4). But, once we have this estimate, we can proceed 
just as in the last part of the proof of Proposition 19.21 using Sublemma lll.3l 
instead of Sublemma HL31 and conclude that 



||M 4 (u)||g> < C49\U ■ • ||u||W for u £ B £. 

Since we have — {p! — 2/3)<5A + 4/3A < —j3\ from the choice of //, this implies 
the conclusion of the proposition. □ 

Below we prove Sublemma 111.31 and Lemma 111.21 



Proof of Sublerama \11.3[ In the argument below, we consider combinations 
(n, k,m,n' , k' ,m') in (A/" © I) 2 that satisfy (R1)-(R4). First we restrict 
our attention to the case where max{|m|, \m'\} > max{n,ra'}/4. Note that 
C(n, m, n', m') in the definition of K n ^^ m , n i ^k',m' is given by (|4ip in this case. 
From (Rl) and (R5), we have max{— m,m'} > K/5. Since 

D(n, m, n' , m') — n'/2 > max{— m, m'} — \n' — n\/2 — A, 

we obtain 

j£ ^ i ^ i <^ g}1~^ r ~ l)( max {~ m,m'} — |n'— n|/2)+/3(m'— m)— r*A(n,fc,n',fc') 

^ C(G <7)2~ ( r ~l~ 2/3) max{— m,m'}— (r*— (r— l))A(n,fc,n',fc') 



by using f 1 1 3 [) and (I21D . Therefore, by using variants^ of the inequalities 
(|38j) and (j39l) . and also by using (fl~4j) and (fl~5l) . we obtain the inequalities in 
S ub lemma 111.31 with the sum restricted to this case, provided that we take 
sufficiently large K according to A and G. 



( 6 )ln (J3HJ and , we replace the exponent (v - 2/3 - 2d - 2) by (r - 1 - 2/3) and 
the condition max{-m,m'} > SX by max{-m,m'} > K/5. As the result, the right hand 
sides should be C*A ■ 2~ K/5 . 
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We next restrict our attention to the case max{|m|, \m'\} < max{n, n'}/4. 
In this case, we have max{n,n'} > K from (Rl) and \n — n'\ < 1 from (R8). 
Since we have 

C(n,m,n',m') < C* WgW^' ™x{-m,m'} + C (Q^ ff ) 2 -(r-l)(m a x{-m,m'}+n/6) ) 

we see that K n k m n' k' ml 

is bounded by 

24/9A-r*-A(n,fc,n',&'). 

i^C H^ll 2 _ ('*' — max{— m,m'} _|_ (J^Q gj2~( r ~^^/®~( r ~ 1 — 2/3) max{-m,m'}j 

Therefore, again by using variants^] of the inequalities ([38]) and ([39]) . and 



also by using (j!4|) and fjl5[> , we obtain the required inequalities with the sum 
restricted to this case, provided that we take sufficiently large K according 
to A and G. □ 

Proof of Lemma \ll.SX Recall that we set vq = d/dxQ and take unit vectors 
vi,v%, . . . ,v 2 d in E so that {uj}|£ is an orthonormal basis of E. We first 
prove the lemma in the case where max{|m|, \m'\} > max{n, n'}/4. Let us 
write the integration with respect to the variable y in (I16p as 



(42) K^(x',x;tv) = / e^y^'^R(y,^ V )dy 



where R{y^,rf) is that given in (fTT|) and we set 

/(y; x, x'; £, r]) = (£, x' - y) - i(rj, G(y) - x). 

If we apply the formula (jlOp of integration by parts along the set of vectors 
{fj}j£o ^ or ^ ti mes (0 < k < r — 1), we will get the expression 

k, y (x',x;C,t,) = J e^^Rkiy^^dy 

where Rk(-) should be defined inductively by 

2d 

(43) Ro(v,t,r))=R(v,Z,ri), R k = J2' 

3=0 

By induction on < < r - 1, we show the following claim. 

Sublemma 11.4. For any multi-indices a, (3 6 (Z + ) M+1 and a' G (Z + ) 2d+1 
smc/i t/iat |a'| < (r — 1) — k, we have 

\\D%DPrrf R k \\ L ~> <C(G,g,a,P,a') ■ 2- fc -( D (7.7 , )-™(7')/2)-r,-A(7,7') 

. 2 -|a|n(7')/2-|a|t|m(7')|-|/3|n(7)/2-|(3|t|m(7)|+|a>(7')/2_ 



i • fi fc _i • Vj(f) 



( 7 )H ere we just change the exponent (y — 2/3 — 2d — 2) in (|38[l and (|39p appropriately 
and the right hand sides should be the same as those in (|38[) and (|39|l . 
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Proof. By using the estimates on the derivatives of py , tpy and tp 7 , we can 
check the claim for k = 0. To continue, let us first check the inequality 

(44) max{n( 7 )/2 + |m( 7 )|/2, n( 7 ')/2 + |m( 7 ')|/2} < £>( 7 , Y) + C(G). 

If |n( 7 ) — n( 7 ')| < 1, we can check this inequality by using (R5) in the 
definition of D(j,y'). Otherwise we have, from (R3) and (|12p . that 

m( 7 ') > m( 7 ) + 5max{n( 7 ), n( 7 ')} — C(G) 

and hence we obtain the same inequality by a crude estimate. 

Note that we have ([32]) for all y G supppy C Z(y') from Lemma [9.4i 
This implies that we have 

2d 2d 

(45) 5>(/) 2 = E 1(^(77) -e,^>| 2 = WDG^-if > 2 2 ^')-io) 

if R(y,S,,rj) 7^ 0. For a G (Z + ) 2rf+1 with |a| > 2, we have a simple estimate 

(46) \Dyf \ < C(G) ■ \\r]\\ < C(G) ■ 2 n(7) if R(y, £, v ) + 0. 
In the case |a| =2, we have, from Corollary 14.21 and (I44p . that 

(47) |£>*/| < C(G) • 2™W/ 2 +l m WI < C(G) • 2 D ^"> if f , r/) ^ 0. 

Using these estimates in the inductive definition (|43|) of Rk(-), we obtain the 
claim of the sublemma by induction on fc. □ 

By the same argument as in the last part of the proof of Lemma 17.5] we 
see that the claim of the sublemma above for k = r — 1 implies 

\k 7J >(x',x)\ < C{G,g,n) . 2 ~( r - 1 )( D ^ m ' n '' m ')-n72)-r,-A( 7 , 7 ') 

• / b^(x'-y)-b^G(y)-x)dy 
Jz(Y) 

for x, x' G E. Clearly this implies the claim of the lemma in the case 
max{|m|, \m'\} > max{n, n'}/4. 

Next we prove the lemma in the case max{|m|, \ m'\} < max{n,n'}/4. In 
this case, we have max{n( 7 ), n( 7 ')} > K from (Rl), and |ra(Y) — ra( 7 )| < 1 
from (R8). In particular, we have n( 7 ) > K — 1 and n( 7 ') > K — 1. It 
follows from the definition of D( 7 , Y) and (R5) that 

(48) D(7, Y) > |m(Y)| + n(Y)/2 > n(Y)/2 for ( 7 ,Y) G ft(4). 

This implies that the diameter of supply is not much larger than 2 D ^ 7 ' 7 \ 
that is, we have 

diam (supply) < C • 2\ m( -^ +n ^'^ 2 < C ■ 2 D( -^ 

for some constant Co > that depends only on d. From this fact, we can 
construct a C°° partition of unity 

{0$ [0,1] I £ = 0,1,2,...} 

for each pair ( 7 ,Y) G 7£(4) so that the following three conditions hold: 
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(PI) supply is contained in the 2^ 7 ' 7 ') _11 -neighborhood of supply, 
(P2) for £ > 1, the distance between supply and supply is bounded 

from below by 2 D ( 7 ' 7 )+^ _13 ; and 
(P3) the family of functions <j)^~L for (7, 7') £ 7£(4) and I > are uniformly 

bounded up to scaling in the the following sense: all the functions 

4>® o Ay o Jd( 7 ,y)+£ = E* -> [0, 1], (7,7') G ft (4), I > 

are bounded in V(E*), that is they are supported in a bounded 
subset of E* and their C s norms are uniformly bounded for each 
s > 0, where is the translation that defined in Subsection 15.41 
and J t :E*^ E* is defined by J t {Cj = 2* • £ 

We will give one way of the construction of as above in Remark II 1.71 at 
the end of this proof. 

Using the partitions of unity as above, we decompose the kernel ([HJ) as 

00 

(49) /c 7 y(s',x) = (27r)- 3 ( M + 1 )^ K W (x',x) 

e=o 

where (x',x) on the right hand side is defined by 

(50) k^,(x',x) = J e^'^'^'^ R^{y' ,y-i' ^^dydy'd^'d^ 
with setting 

f(x', y', y, x; £, rf) = (£, x - y) + (£', y' - y) + (rj, G{y) - x) , 

R {£) (y', y; £, */) = ^r^+V' ( y ')py (y)<? Wy (£)< y (O^rfa) , 
p y (y) = x(2 n(y)/3+1 ||y-^7 , )ll)- 

To check that (l49l) holds pointwise (at least), we use the fact that 

00 „ „ 
(27r )-(2d+i) ^ / e *<^-^W = ( 27r )-(^+D / e^Cv-V)^ 

£=0 ^ ^ 

= 8(y-i/) 

in the sense of distribution and that py • py = py. (We have joy = 1 on 
the disk in £J with center at 2(7') and radius 2~ n ^ 7 )/ 3_1 , which contains the 
support of py, provided that K is large enough.) 

We write the integration with respect to y and y' in (1501) as 

(51) k$(x' 1 x;£ , ,£ j 7/) = J e^ x ''y'^'^R^(y',y;^^v)dydy'. 

Below we are going to estimate k^L (x', x; £, 77) by applying integration 
by parts to the integral with respect to the variables y and y' in (I50|) in 
two steps. (The argument below is formally parallel to that in the case 
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max{|m|, \m'\} > maxjra, n'}/4 given above.) To this end, we extend the 
formula fjlOf) of integration by parts to oscillatory integrals on E x E in an 
obvious manner. And we regard y and y' as the former and latter variable 
on E x E respectively. 

As the first step, we apply the formula of integration by parts along 
the single vector (vq,vq) for r* times if A(7,7 ; ) > (and we do nothing 
otherwise.) As the result, we obtain the expression 

(52) ^,(x',x;e,^v) = J e^''y'^'^Ri e \y',y,e,tv)dydy' 
where 

^0 [y > V\ C , C, r/j - ( 2vr )3(2d+l) (vr * (r? _ f ))r. 

in the case A(7, 7') > (and just set Rq = i?^) otherwise). Here we wrote 
«o for the directional derivative along the vector (vq,vq) in E x E. In the 
second step, we consider the two cases i = and £ > separately. In fact, 
the first term in (|4U|) comes from the case £ > and the second from the 
case £ = as we will see below. 

Let us first consider the case I = 0. In this case, we will apply the 
formula of integration by parts along the set of vectors {(uj, 0)} 2 £ (or, in 
other words, we will apply the formula (|l(jp of integration by parts to the 
integral with respect to the variable y along the vectors {vi}?£ ) for (r — 1) 
times. Let us write the result of such application of integration by parts for 
k times as 

^(x',x) = J e^ x '^^'^Rf\y',y-C'^,v)dydy' 
where i?[ (•) for 1 < k < r — 1 should be defined inductively by 

J£ /«.ffR.„,m\ 

for A; = 1,2,--- , r — 1. 



(Here and below we suppose that Vj are the directional derivatives along Vj 
with respect to the variable y.) 

By induction on < k < r — 1, we show the following claim. 

Sublemma 11.5. For any multi-indices a\, at2, f3, oi , /3' G (Z_|_) M+1 suc/i 
i/iai I a' I < (r — 1) — k, we have 




\D?DpDMDpRf> <C(G, 5 , a x , a 2 , 0, a', /3', fc) 



5 ^rj^y ^y'^k 

. 2 -fc-(D(7,7')-n( 7 ')/3)-r»-A( 7 ,7') 
. 2 -]ai|n(7')/2-|ailt|m(7')|-|/9|n(7)/2-|/3| t |m(7)| 
. 2-|«a|i3(7,y)+|a / KY)/3+|/8 / K7)/2 
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Proof. The proof is parallel to that of Sublemma lll.4[ We have 

(53) PSWlk" ^ C *( a ') ■ 2 |Q ' |n(7 ' )/3 
and also 

(54) ii^,i| i0 o<a(«)-2-( D ^') + ^ 

from the condition (P3) in the choice of <pfL- Using these estimates, we can 
check the claim for k = 0. 

From Lemma 19.41 and (PI), we have 

d(n 2(y) (supp^° 7 ) ,),n z(y) ( J DG*(supp^ 7 ))) > 2 D ^~ n 
for all y 6 supp joy . This implies that 

2d 2d 

X>(/) 2 =Y,\{DCr y {j,)-Z,v t )\* = \\DG* y {7,)-Zf > 2 2 ^')- 11 ) 
e=o i=o 

if R(°'(y',y;£',£,T)) ^ 0. Also we have ()46j) and (|47p with the assumption 
Riy^^v) 7^ replaced by R^(y',y,^',^,rj) ^ 0. Using these estimates, 
we can prove the required estimate by induction on k as in the proof of 
Sublemma lll.4i □ 

By the same argument as in the last part of the proof of Lemma [7. 51 using 
in addition the fact that the (2d + l)-dimensional volume of the support of 
<^y is bounded by C* • 2^ 2d+l ^ D<yl,1 '\ we see that the claim of the sublemma 
above for k = r — 1 implies 

\k^,(x',x)\ < C{G,g) .2-»--- A (T.7')-(r-l)(i?(7,7')-n(7')/3) 

\t,(x' - y')b^ +2 (y' - y)dy') b»(G(y) - x)dy 
where (and also henceforth) we set 

b^/x) = 2 ( M + 1 )( B (7.7')+0 (?pM)+t . ^ for ^ > and £ > 0. 

Next let us consider the case i > 1. In this case, we will apply the formula 
of integration by parts to the integral (j52|) along the set of vectors { (0, Vi)}j= 
(or, in other words, we will apply the formula (jlOp of integration by parts 
to the integral with respect to the variable y' along the vectors {i>i} 2 £ ) for 
\j! times. Let us write the result of such application of integration by parts 
for k times as 

k®,W,x)= [ e^ x ''y'^'^Ri e \y',y,e,^v)dydy' 
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where Rjp(-) for 1 < k < \i! should be defined inductively by Rq^ = R^ 
and ^ 

= f] v 'Jt^l^M] io rk = l,2,...,r-l. 

(Here and below we suppose that u'- are the directional derivatives along Vj 
with respect to the variable y' .) 

By induction on < k < //, we can show the following claim. 

Sublemma 11.6. For any multi-indices ct\, a-i, f3, a.', G (Z + ) 2d+1 ; we 
have 

\\DfDfD^'D^R k \\ L ^ <a(a 1 ,a 2 ,P,a',p',k) • \\g\U 

. 2 -fe-P(7,7 , )-n(7 / )/2)-r,.A(7, 7 ') 

. 2 -|ai|n(7')/2-|a 1 | t |m(7')|-|/3|n( 7 )/2-| / 3| t |m(7)| 

. 2 -|«2|I?(7 I 7')+|a>(7')/3+|/3'|n(7)/2 

where the coefficient C*(ai,ct2, (3,ct' , /3' ,k) does not depend on G nor g. 

Proof. Recall (|53f) and (|54j) in the proof of Sublemma 111,51 We can show 
the claim in the case k = using these estimate. Note that the condition 
(P2) in the definition of cjy^l, implies that 

2d 



? 2(£)(7,7 / )+<-13) 



2>;(/) 2 >2 2 

Also we have Dyf = for any a with |a| > 2. Using these estimates, we 
can show the required estimates by induction on k. □ 

By the same argument as in the last part of the proof of Lemma [7.51 using 
in addition the fact that the (2d + l)-dimensional volume of the support 
of (jP, is bounded by C* • 2^ 2d+1 ^ D ^^"> +i \ we see that the claim of the 
sublemma above for k = // implies that there exists a constant C*, which is 
independent of G, g, X and A, such that 

\^],{X',X)\ < C* • \\ 9 \l ■ 2-^A(7,7')-M'(^(7,7')+^n(7')/2) 

W - y'K+?f +2 (y' - y)dy') b»(G(y) - x)dy. 
iz(Y) 7 77 ' J 

From the inequality (|48p . there exists a constant C* > such that 

W - y') ■ bfff +2 (y> - y)dy> < C* ■ d-? d -\y) ■ b»,(x' - y). 

z( 7 ') ' " ' ' ' 

Therefore we conclude the inequality in Lemma 111.21 by putting this in- 
equality in the estimates on k^,(x',x) that we obtained above in the case 
I = and £ > 1. □ 
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Remark 11.7. We can construct the partitions of unity {<p^y}e>o with the 
properties (i), (ii) and (iii) in the proof above as follows: Let K^l be the 
2^(7:7 )+^ 12 -neighborhood of supp ip~>. Also we define cfto : E — > R by 

Mv) = ( fxiWtm) -xiWvW) 



where x is the function taken in Subsection 15-H so that it is supported on 
the disk with radius 5/3 and satisfies f (fiodrj = 1. Then we set 

H®(S) = 2-(2<*+i)P(7,7')+*-i3) f ^ ^ 2 -(D( 7i y )+ ^ 13 ) . ^ _ ^ drj 



The function H^l is supported on K^t 1 ^ and satisfies H^l = 1 on , . 



From (|48p . the required properties are fulfilled if we set 

<° 7 ) ,(0 = < 7 ) / (0 and <f%(0=H$(Q-H<fr 1 \Q for I > 1. 

12. The central part of the operator M 

In this section, we consider the central part Aii defined in Subsection 18. 11 
Our goal is to prove the following proposition. 

Proposition 12.1. The formal definition of M\ in fact gives a bounded 
operator Ai\ : — > B^, for any u,i/ > 2d + 2. Further, for the case 
v = v' = v*, there exists a constant C* > such that we have 

(55) \\Mx{M)f^ < C m • \\g\U • 2-( 1 -) A / 2 ||u||^ for ueBf,, 

for G € U(A, A) and g £ ^ r (V), provided A > A*, A > A* and A > dX. 

Clearly Theorem O follows from Proposition EH E£21 fTOTTl fTTTTI and 
Proposition 112.11 above, if we set JC(G,g) = Mo and || • [|W = [| • ||^. 

12.1. Reduction of the claim. For integers n,n' > 0, we set 
ft(n,n') (1) = {(7)7 / } e n{1) | n(7) = ^ n( y } = n / } 

and let Jv[^ L,n ^ : B^ — > ~BP , be the operator defined formally by (|18p with 

replaced by ft( n ' n ')(l). Then M i is formally the sum of M [ ^ n ' ] for 
(n,n') G Z + x Z + such that max{n, n'} > and |ra' — n| < 1. From the 
definition of the norm || • \\^ u , Proposition 112. ll follows if we prove the claim 

(|55p with A4\ replaced by jW^' n ' and with the constant C* independent of 
n and n'. 

Let 5o be the contact form defined by 

5o = dxo + • 

Then it holds Hq(oio) = 5o for the diffeomorphism Hq : E E defined by 
H (x ,x + ,x-) = (x + 2~ 1 x + ■ x~, 2~ 1/2 x + , 2- l/2 x~). 
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In the proof below, we regard the diffeomorphism G : V' — > V in A) as 
the composition of two contact diffeomorphisms 

(V',a ) (H^(V'),5 ) ^> (E,a ). 

■~ (y^ yyf \ O JO 

Also we will introduce a Hilbert space B and regard M\ . B£ -> B£, as 
the composition of two operators T 7 ^'-* and Q^ n \ 

-^U B Bj, 

which are associated to the diffeomorphisms -ffg" 1 and GoHq respectively. As 
we will see in the next subsection, the operator p( n ) does nothing harmful 
and hence Proposition 112. ll is reduced to a proposition on the operator Q^ n \ 

Remark 12.2. The reason for taking this roundabout way is that we need 
to " straighten" the contact form ao along the subspace Eq © E + so that we 
can use the formula (jlOp of integration by parts appropriately in the last 
part of the proof. 

We define the transfer operators 

P :C r {H G \V')) -^C r (V) and Q : C r {V) -> C r (Hq 1 (V')) 

by Pu = u o Hq 1 and Qu = g ■ {u o G) respectively, where (and henceforth) 
we set g = g o Hq and G = G o Hq. Obviously we have C = P o Q. 

The definition of the Hilbert space B is somewhat similar to that of B^. 
We consider the set £ = M © (Z + ) as the index set instead of T. To refer 
the components of an element a = (n, k,£) G S, we set n(a) = n, k(a) = k 
and £(a) = I. For each a G E, we define the functions ^ a : E* — > [0, 1] and 
§ ff : E* -> [0, 1] by 

<M0 = xn W>fcW (e) • x^)(2- n(CT)/2 - 25A ik:(e)ii) 

and 

**(0 = x„w, fc («T)(0 • xW 2 ~ n(CT)/2 ~ 2<5A lk-(6ll) 

respectively, where vrl(^) = £~ for £ = (£oi£ + i£ _ ) and the functions Xn,fc, 
Xn,k-, Xn and Xn are those defined in Section By definition, the family 
{^crjo-es is a partition of unity on E* and we have ■ ^ a = Vt^ for each 
a G S. Note that the functions ^ / (T (0 and ^(O do not depend on the 
component £ + and hence their inverse Fourier transforms are not functions 
in the usual sense but the tensor products of the Dirac <5-function on E+ at 
the origin and rapidly decaying functions on Eq © E_. For /x > 2d + 2, there 
exists a constant C* > such that 

(56) \$> a (D)u(x)\ = |F- X ^ CT * u(x)| < • \b£ * \u\(x)\ 
where b& is the finite measure on E defined by 

2<Z(n(cx) /2+l(a)+28X)+n(a) /2 

(57) 6£(x) = ^ 2n(<7)/2+€(ff)+2aAa ._^ ; ( 2 n(v)/2 Xo ^ ' ^ ) 
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'j a eL 2 (E), ^ a (D)v a = v a , ^w{g) 2 \\v„\\ 2 l z < ooj 



for x = (xo,x + ,x ). For a G S, we setK 8 ) 

~r J( 5A ) 1/2 > if%) = 0; 

Then we define the Hilbert space B as the linear space 

B = j(?v)ae£ 
equipped with the norm || • ||g defined by 

H v IIb = I w ( <T ) 2 H^lli 2 ) for v = {v a ) a& e B. 

For n > 0, a £ £ and 7 G T, we define the operators 

7># : L 2 (£) -> L 2 (£) and Q$ : L 2 (£) -> L 2 (E) 
respectively by 

_ i Pl (x,Dy(P^ a (D)v)), if |m( 7 )| < and n( 7 ) = n; 
I 0, otherwise, 



\o-es 



7Gr 



and 

qW(u) = h«( D )(Q(M D ) u ))' if K7)l < *A and n( 7 ) = n; 
7<T I 0, otherwise. 

Then we define P< n ) : B -»• B J and Q( n ) : B^ B formally by 
and 

Q(«)(( % ) 76r )= I^Q^K) 

By the definitions, we have M^ L,n ' = T^™') o Q( n ) at the formal level. There- 
fore, in order to prove Proposition 112.11 it is enough to show the following 
two propositions. 

Proposition 12.3. The formal definition of the operator , p( n ) for n > K in 
fact gives a bounded operator : B — > B^, for each v' > 2d + 2. Further, 
for v' > 2d + 2, there exists a constant C* > such that we have 

W^Mllfy < C*II v IIb f° r aU v G ^ and n>K, 
provided A > A* and A > A*. 



( 8 )The factors (5A) 1//2 and 2 A in the definition of w(cr) are not very essential. We put 
those factors in order to make the statements a little simpler. 
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Proposition 12.4. The formal definition of the operator for n > K in 
fact gives a bounded operator : — > B for each v > 2d + 2. For each 
v > 2d + 2, the operator norms of : B^ — > B are bounded uniformly for 
n > K. Further, for the case v = v*, there exists a constant C* > such 
that we have 

||Q (n) (u)||g < C4g\\* ■ 2-( 1 - £ ) A / 2 ||u||g^ for all u E B£ and n > K 

forG:V'^V in H(A,\) and g E ^ r (V'), provided A > A*, A > A* and 
A > d\. 

In the following subsections, we prove Proposition 112.31 and 112,41 We 
henceforth consider a fixed n> K and write V, Va-y, Q and Q 7<J respectively 

for V^ n \ Vaj , and Qxf) for simplicity, though we keep dependence of 
them on n in mind. Notice that we will write C#, C(G) and C(G,g) only 
for constants that do not depend on n. 

12.2. The operator V. In this subsection, we consider the operator V = 
P( n ) and prove Proposition 112.31 The structure of the proof is similar to 
that of Proposition [921 Fix some integers \i > z/ + 2d + 2 and // > 2A/(<5A). 
For a E S and k E Z such that (n,k) E A/", we set 

_^ fc _ 2-M , (A(n(a),S;(<7),n 1 fe)+5A+^((T)) . (\jjfi( a X\ 

if £(<r) > and n/2 < n(<r)/2 + £(<r), and otherwise we set 

K a>k = 2-V-A(n( ff ),fc(«T),n,fc) . 

We use the following sublemma, whose proof is postponed for a while. 
Sublemma 12.5. There exists a constant C* > such that 

sup f K a fc I < -^=L and sup [ & J < . 

Consider a pair (cr, 7) E X x T such that 72(7) = n and |m(7)| < 5X. We 
regard the operator V a -y as an integral operator 

V al u(x') = (2Ti)- 2{2d+1) j K a7 (x',x)u(x)dx 

with the kernel 

(58) Kay (x',x) = J e i «' a:, -^ +4 ^^ 1 fe)-> /97 (y)^ 7 ( e )$ (T ( r? ) ( iy^ ( i r? . 

In order to apply the formula (HOD of integration by parts to this kernel, we 
prepare two estimates. The first is that 

d ^7To((-D-ffo)y(supp* cr )),7ro(supp^ 7 )J > d (suppx^),*^), suppx n ( 7 ),fc( 7 )) 

> 2A(n(cr),fc( CT ),n(7),fc( 7 ))+n(7)/2 
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for all y £ E when A(n(cr), fc(cr), 71(7), £(7)) > 0. This follows immediately 
from the definitions. The second is that 

(59) d ((^-^(supp^supp^) > 2™M/ 2+<5A +^) 

for all y £ suppp 7 if i[a) > and n( r y)/2 < n(a)/2 + £(cr). This can 
be checked as follows. By the assumption 1(a) > 0, the support of ^ a is 
contained in the region 

= (£ ,£ + ,d 1 i6i < 2 n{ ^ +i , ne-ii > 2 n ^y 2+E ^ +25x - 1 }. 

Then, from the definition of Hq, (Di7J" 1 )*(supp fy a ) should be contained in 
U = (£o,£ + ,r) I |6| <2" (CT)+1 ,||^£-£o-a(y))|| >^)/2H{<r)+7SX-Xy 
On the other hand, suppf/'-y is contained in 

{£ = (&,£ + ,r) I Kol < 2-^)+ 2 , Hvr* (e - ^0 • «(^(7)))ll < 2 -^)/ 2 +i^)i+ 2 } 

where |m(7)| < SX. Since we assume y S suppp 7 , we have 

\\a(y) - a(z( 7 ))\\ = \\y - z( 7 )|| < V2dTT • 2~^) +1 

Therefore (|59p follows from the assumption 71(7) /2 < n(a)/2+£(a), provided 
that SX is sufficiently large and, if fact, the choice that we made in Subsection 
18.21 is quite enough. 

From the two estimates prepared above, we obtain the following estimate- 
son the kernel K a ^(x', x) of the operator V a y 

Lemma 12.6. There exists a constant C* > such that 

\n ai (x', x)\<C m - K a kM ■ w(a) / Ma! - y)b£(H (y) - x)dy 

Jz{~<) 

for (17,7) € S x r such that \m(^)\ < 5X. 

Proof. Since the poof is almost parallel to the former part of the proof of 
Lemma 1 1 1 . 2j. we only outline the argument. We take an orthonormal basis 
{vj}"j=o of E including v$ = d/dx$. First, to the integral with respect to y 
in ([55]) . we apply the formula (fT0|) of integration by parts along the single 
vector vo for 2/j' times if A (n (a), k (a), 77.(7), & (7)) > 0) an d do nothing 
otherwise. Second, to the result of the previous step, we apply the formula 
fp~Q|) of integration by parts along the set of vectors {vj} 2l L for // times if 
£(a) > and 72(7) /2 < n(a)/2 + £(a) (and again do nothing otherwise). For 
these two steps, we can proceed just as in the former part of proof of Lemma 
111.21 with obvious changes. In the places where we used the estimates on 
the derivatives of t/> 7 , we use the estimate that 

\\D^ a \\ L oo < C*(a) ■ 2-H n M/ 2 -Ht( 25A +^ CT )) 

for q = (ao, a± , ■ ■ ■ ,oQ) 6 (Z + ) d+1 , where |a|f = \a\ — «o- (Notice that 
the function ^ a (0 does not depend on the variable £ + in £ = (£o 5 £ + >£~)0 



46 M. TSUJII 

Also we use (f59l) in the place where we used ([321 . Then, as the result, we 
obtain the claim of the lemma. □ 

Once we have Lemma 112.61 we can proceed as in the proof of Proposi- 
tion 19.21 By Young inequality, we get 

2 



\-p (n) M\C) 2 < E E 

k:(n,k)£j\T m:\m\<8\ 



^2K Utk -w(a) ■ \b%*v a \ 



L 2 



Then, by Schwarz inequality, Sublemma 112.51 and Remark 17.41 we obtain 

l^ (n) (v)i£i,) 2 < c* E • Klli- = ciMi| 

for v = (f -) (76 E £ B. This is nothing but the claim of Proposition 112.31 
Now we finish the proof by proving Sublemma 112.51 

Proof of Sublemma \12.b\ We prove the former inequality. The latter can be 
proved similarly. If £{a) = 0, the sum Ylk-(n k)eAf K a ,k is bounded by 

C*{5\)- 1 ' 2 E 2-^'- A ^ k ^^ < C*{5\)- 1 ' 2 

k:(n,k)&Af 

from dH]). If £(a) > 0, the sum Ylk-.(n,k)eN ^cr,k 1S bounded by 

2^+((cr) J ^ 2 _ A t ''( A ( n ( <T )' A ''(' J )' n ' A: )+ <5A + f ( f7 )) -j- ^ 2~ 2 ^'-A(n(o-),fc(o-),n,£!) j 



k 



where ^2* k (resp. X^D denotes the sum over k G Z such that G A/" 

and n < n(<7)/2 + £(cx) (resp. n > n(a")/2 + ^(a")). For the first sum, we have 

2-fi' -(A(n(cr),k(cr),n,k)+8X+e(cr)) < q 2~^' 'SX-n' 

k 

from (JH]). The conditions £(cr) > and n/2 > n(a)/2 + ^(<r) imply that 
|n — n(a)\ > 2 and hence, by (|12p . that 

A(n(cr), fc(cr), n, fc) > n/2 - 3 > K/2 - 3. 

Hence, for the second sum, we have 

^ 2~ VA(n(cr),fc(o-),n,fe) < 2-(^"/3+3)m' 2~' x ' A(n(g),fc(o-),w,fc) < £< 2~(-K'/3+3)m' 

where we used (fl"4"l) in the second inequality. Therefore, if we take sufficiently 
large K, we have 

E K a , k <ca A -»'- sx . 

k:(n,k)*EAf 

Since we have fj,' • 5X > 2 A > A + A from the choice of // , this implies the 
former inequality in the case £(a) > 0. □ 
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12.3. The operator Q. In the remaining part of this section, we consider 
the operator Q = and prove Proposition 112.41 Consider (7, a) G V x £ 
such that 71(7) = n and |m-(7)| < 5X. We regard the operator Q 7<J as an 
integral operator 

Q ya u(x') = (^y 2(2d+1) I K ya (x',x)u(x)dx 



with the kernel 

We can show the following estimate in the same way as Lemma l7.3l and [7.51 
Lemma 12.7. For fi > 2d + 2, there exists a constant C* > such that 

IMx',x)| < C* • y| L oc J b£(x' - y) ■ b»(G{y) - x)dy 

for x, x ! G E and (7,0") G T x £ and, further, that 

< C*||s||* • 2 -''*( A (™W' fc (T)^)' fe ( CT ))+"( CT )/ 2 ) • y &£( x ' - y)b»(G(y) - x)dy 
whenever A(n(7), k(^),n(a), k(o)) > 0. 

Remark 12.8. Notice that we have the additional term n(a)/2 in the second 
claim above compared with Lemma 17.51 This is because there is no longer 
the term py which produced the factor 2 n ^ 7 )/ 2 for each differentiation. 

Let 5 = S(n) be the set of pairs (7, a) E T x £ such that 

n(7)=n, \m(j)\<d\, 1(a) = and A(n(7), £(7), n(cr), fc(cr)) = 0. 

We define the operator Q = Q( n ) : — >• B formally by 

Q(u) = Qi°( u i) for u = (n 7 ) 7er G B£. 



> 7 :(7,<T)e5 



This is actually the main part of the operator Q and considered in the 
following two subsections. The next lemma tells that the remainder part 
Q - Q : B0 -»• B of Q, defined by 



(Q - Q)(u) = [ Q 7CT (n 7 ) ) for u = (u 7 ) 7er € B 







does not do harm. 



Lemma 12.9. The formal definition of(Q—Q) above in fact gives a bounded 
operator (Q — Q) : B^ — > B for any v > 2d + 2. Further, for v > 2d + 2, 
i/jere exists a constant C* > 0, which is independent ofn, such that we have 

||(Q - S)(u)||g < a2- A / 2 |b||,||u||W for ueBf 
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for any G : V ->• V in U(A, A) and g G ^(V), provided that A > A*, 
A > A* and A > d\. 



Proof. For <r G £ and G Z such that (n, fc) G A/", we set 

/-2-r,(A(n,fc,nW,fc(ff))-H»W/2)[|^[| % ^( (7 ) j if A(n, k,n(a), k(a)) > 0; 
II^H* -io(cr), if 



k 0, otherwise. 
Then we have 

Sublemma 12.10. There exists a constant C* > suca i/iai 



A(n,k,n(a),k(a)) = 
and #<r) > 



sup 

o-GS 



^ K k>a ) < a 2- 

i fc:(n,ft)eAf 



\g\\*, sup 

k:(n,k)eAf 



2 1 1 g 1 1 * . 



Proof. Note that we are suming n > K. From (|12[) . we always have 

A(n, k, n(a), k(a)) + n{a)/2 > max{n, n(<r)}/2 — 3. 
If A(n, fc, n(cr), fc(cr)) > 0, this implies 

K Ka < 2"^/ 2 - 3 ) • 2-^- 1 )( A ^ fc .™W' fc (-))+™W/ 2 )|| 5 ||^( CJ ). 

Therefore, using ()14p . we see that the sums in the claim above restricted to 
the case A(n, A;, n(cr), fc(cr)) > can be bounded by an arbitrarily small con- 
stant, if we take sufficiently large K. We can estimate the sums restricted to 
the case A(n, k, n{a), k(a)) = by using the definition of w{a) and recalling 
Remark 17.41 to obtain the claim of the sublemma. □ 

By Lemma 112.71 and Young inequality, we have 



(Q-s)(u)n|<aE 



m:\m\<5\ k:(n,k)sAf yy:n,k,m 



L 2 



for u = (u 7 ) 7g r G ~Bu, where Y^ T .n,km denotes the sum over 7 G T such 
that 71(7) = n, 772.(7) = m an d ^(7) = k. Hence, by Schwarz inequality, ([2 
and the inequalities above on the sums of Kk ;(T , we obtain that 



(S-S)(u)||| 
< CJX ■ T 



o m:\m\<S\ k:(n,k)£Af 
2 



<c,m 2 -2' 2A h\\i-(\\u0 2 . 

From the assumption A > dX, this implies the conclusion of the lemma. □ 
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12.4. The operator Q. In this subsection and the next, we consider the 
operator Q = : — > B. Using Lemma 112.71 it is easy to check that 
the formal definition of Q gives a bounded operator Q : B{! — > B and the 
operator norm is bounded by C*(o~A)||(7||*. This and Lemma 112.91 imply the 
former statement of Proposition 112.41 on boundedness of Q. To prove the 
latter statement, we need more precise estimates. We begin with 

Lemma 12.11. // (7,0") G S and if u G L 2 (E) satisfies ip^(D)u = u and 
\\d»*u\\ L 2 < oo ; we have \\Q 1<T {u)\\ L 2 < C^- K / 2+d5x \\g\\ L oo ||e^*it|| L 2. 

Proof. By using Schwarz inequality and Young inequality, we have 



\Qja(u)\\ 2 L 2 <C*Nl£o 

— C*ll<7lli° 



IF -1 *, 



(d» 2 o G 



■ IF" 1 *, 



-2u, 



oG 



l«7 U \\l 2 

For the last factor, we have that 



F _1 tf, 



-2u, 



G 



(60) |F _i * CT 



-2v, 



7 



G) 



ix ,x' ,x 



< a2 d(n(a)/2+25A) + n(.)/2 . / dT 2 "* (G(x + W), X+ + J/+ X^d^ 



< ^ . 2d(n(cr)/2)+25A)+n(cr)/2 . 2- A ~( ci + 1 ) n ( ")/ 2 < (7 2~ A+2dSX 



where we used (157[) in the first inequality and the condition (H4) in the 
definition of T~L(X,A) in the second. We therefore obtain the estimate in the 
lemma. □ 

The next lemma, which improves Lemma 112.111 above, is the core of our 
argument on the central part. 

Lemma 12.12. There exists a constant C* > such that 

2-A+2d<5A ll„l|2 \\ r rv*„.\\ _ \\jv*„J\ 
\(Q<y*(u),Q 7 'a{u')) L 2\ <C*-- 



Islllo 



\d%"u\\ L 2 • \\d^u'\\ L 2 



(2"/2- 25A ||z( 7 ) -z( 7 ')||) M+2 

/or any (7, a), (7', a) G <S and any u,u' G L 2 (E) satisfying ip^(D)u 
vjjy(D)u' = u' , \\d"*u\\ L 2 < 00 and ||<i^*M'||^2 < 00. 



u. 



We first show that the latter claim of Proposition 112.41 follows from 
Lemma 112.121 and Lemma 112.91 From Lemma 112.121 and Remark 17.41 it 
follows 



E 



E 

7:(7,o-)GS 7':(Y,(r)eS 



KQ 7 "( U 7)> 27'^( U 7'))l 2 I 



< 2 



-A+2c2<5A 



I I- 



E E 



7 "-7IIL 2 



7:(7,ct)gS j':(j',<j)eS 
I II 2 



< a • <5A • 2- A+ ( M + 2 ) 5A ||o|| 2 00 • £ HcCu 112 



(2 n / 2 - 25x \\z( 1 ) - z{Y)\\) 2d+2 

^*7, II 2 

7 "7HL 2 



7:(7,(7)GS 
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for a E £ with £(a) = 0. Taking sum of both sides over a G £ with £(<r) = 
and recalling Remark 17.41 again, we obtain 

iiq(u)|||<^(o) 2 - E E E \(qm,Qy*M)l*\ 

o-e£:£(cr)=0 7:(7,cr)e5 7':(7',cr)GS 

< • (5A) 2 • 2- A+ ^ sx \\g\\ 2 L ^ E K**rl& 



■y:m(-y)<8\ 

(A) n2 

/3 



for u = (n 7 ) 7g r E B£„. Therefore the operator norm of Q : Bg„ B is 
bounded by C*2 _ ( 1_<E ) A / 2 from the choice of 5 in Subsection 18.21 provided 
that we consider the norm || • ||^ t on B^ t . This, together with Lemma [12.9| 
implies the latter claim of Proposition 112.41 

We prove Lemma fl2.12l in the remaining part of this subsection and in the 
next subsection. We consider (7,0"), (7' ,<t) E S and u,u' € L 2 (E) satisfying 
the assumptions in Lemma 112.121 and prove the conclusion of Lemma 112.121 
in each of the following four cases separately: 

(i) ||z( 7 ) -*(-/) || < 2-"/ 2+25 \ 

(ii) \\z(j) - Z(j')\\ >2(~ 1 /2+r)n wit h r = l/(5(d + 1)), 

(hi) neither (i) nor (ii), but ||tt_ (^(-y) - z (l'))\\ < \\ z (l) ~ Z (l')\\/W, 

(iv) neither (i) nor (ii), but jjvr (^(-y) - z(7'))|| > \\ z (j) - ^(V) II / 10 - 

In the first case (i) is the case where the points 2(7) and z(j') are close to 
each other (relative to the size of the cube Z(j) and Z( 7 ')). In this case, the 
claim of Lemma 112.121 is an immediate consequence of Lemma 112.111 The 
second case (ii) and the third case (hi) will turn out to be the cases where 
Cr (3(7)) and G~ 1 (z( , y')) are far from each other. The proof of Lemma 
I12.12l in these two cases is not difficult and will be given in the remainder part 
of this subsection. The fourth case (iv) is the most important case where 
2(7) and 2(7') are not close to each other but G (2(7)) and G _1 (2(7')) 
may come close to each other by hyperbolicity of G. This last case will be 
considered in the next subsection. 

Proof of Lemma 1 12. 12\ in the case (hi). We first show the following claim, 
which is a consequence of geometric properties of G. 

Sublemma 12.13. There exists a constant C* > such that, for given 
point y G E, either of the following two conditions holds: the condition that 

(61) - K < ■„„ °* — for all z £ E eE_, 

(2^z)d 1 (G(y-z)) ~ 2»/2||s(Y)-*( 7 )|| 

or the same condition with 7 and 7' exchanged. 

Remark 12.14. If G is not defined at y — z, we suppose that d 1 {G{y — z)) = 00 
and (|6ip holds trivially. 
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Proof. If [|z[| > \\z(i) - z(7')||/100 ; the inequality in §^ with C* = 100 
holds obviously and so does the same inequality with 7 and 7' exchanged, 
because cZ 7 (-) > 1. Thus we may assume 

(62) < ||z( 7 ) - z(V)||/100 < 10~ 2 • 2(- 1 / 2+r ) n < 10- 2 • 2(- 1 /2+ T ) A ' 

in the conditions in the sublemma. 

Since we are considering the case (iii), we have 

K+(z( 7 ) - ztf)\\) > (9/10) • \\z(j) - z(Y)\\ > 9 • |K_(z(7) - z{j))\\. 

Recall that G = G o H$ for G € Ti(\, A). Since ([62]) implies that we may 
suppose that G is well-approximated by its linearization (at -2(7), say) if we 
take large K, it is not difficult to check that we have either 

d(G(y - z), 2(7)) > C" 1 ||z(7) - z(j')\\ for all z £ E ® E_ satisfying @2J) 

or the same condition with 7 and 7' exchanged, depending on the position 
of the point G(y) relative to 0(7) and 2(7'). This implies the conclusion of 
the sublemma. □ 



Let F be the set of points y £ E for which (|6ip holds. Then we have 
\Q 7 a(u)(y)\ = \¥- 1 ^ a *(g-(uoG))(y)\ 

r |F- 1 ^ (7 (z)|-(2 n / 2 z)( M + 2 )-(4 d + 2 -u)oG(y-z) 

C* • II 5 II Loo 



(2«/2|| z ( 7 ') _ z ( 7 )||)2d+2 

IF" 1 ^^)! • (2"/ 2 z) M+2 ) • (d 2d+2 • u) o G(y - z)dz 



< 



for y G V, where we used (|6ip in the latter inequality. Recall the estimates 
(1561) and ([57]) on the factor F- 1 ^ (J (z) and check that F" 1 * (7 (z) • (2 n /2 z )2d+2 
enjoys the same estimates with the exponent fi replaced by fi — 2d — 2. Then, 
by an argument parallel to that in the proof of Lemma 112.111 we see 

\\Q la {u) ■ ly|| 2 2 

c* ■ IMIi/oo 



< 



(2«/ 2 ||z( 7 ') -z( 7 )||) 2 ( M + 2 ) 

\d»*u\\ 2 L2 • f (iF- 1 ^^)! • (2 n / 2 z) 2d+2 ) • (d 2d+2 -^) o G(y - z)dz 



< " IMIjoo \\H u *n II 2 o-A+2ci(5A 

" (2™/ 2 ||z( 7 ') - z( 7 )||) 2 ( M + 2 ) ' 11 7 llL2 ' 

Exchanging 7 and 7' in the argument above, we obtain the same estimate 
for \\Qy a (u') • l B \y|| 2 2 . Since \{Q la (u), Qy a (u')) L 2 | is bounded by 

\\Q 1<7 (u) ■ ly|| L 2 • \\Qj' a (u')\\ L 2 + l|Q 7 '^('" / ) - 1 E\y\\l 2 ■ \\Q-ya(u)\\ L 2, 
we conclude Lemma 112.121 from the estimates above and Lemma ll2.11[ □ 
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Proof of Lemma \12.12\ in the case (ii) . Note that we can show the claim of 
S ub lemma 112.131 in the case (ii) easily if we allow the constant C* > in it 
to depend on G. Thus, following the argument above for the case (iii) and 
replacing 2d + 2 by 2d + 3 there, we obtain the estimate 



K<2 7CT (u), Q Y(T (u')M <C{G) 



( 2 ^/2|| z ( 7 ) _ z (y)||)2d+3 

with C{G) a constant which depends on the diffeomorphism G. But this 
implies the lemma because C{G)/(2 n / 2 \\z(~f) - z(-f')\\) < C{G)2- rn < 1 in 
the case (ii), provided that we take large K according to G. □ 

12.5. The main part of the proof of Lemma 112.121 In this subsec- 
tion, we prove Lemma 112.121 in the case (iv). This completes the proof of 
Proposition 112.11 and hence that of the main theorem. 

If either 2(7) or 2(7') is not contained in the image G(V) of G, we 
have dy(y) > C(G,g)2 n / 2 and dy(y) > C(G, g)2 n / 2 for all y G suppg and 
hence we can prove the conclusion of Lemma 112.121 easily, taking large K 
according to G and g. Therefore we henceforth suppose that z(~f) and 2(7') 
are contained in G(V) and let 1/(7) and 2/(7') be the unique points in V' 
such that 6(2/(7)) = z (l) an d G{y{^')) = 2(7') respectively. 

In order to extract the main part of (Q-y a (u), Qy a (u 1 )) L 2 , we consider the 
C°° functions h,h' : E -> [0, 1] defined by 

(63) h{y) = x { \\^)- z (y))\\ ) • x(2 • h ~ y(7)ll) 

and 

(64) h'(y) = h(y - 2/(7) + y( 7 ')) 

f 20\\ir-(DG 1 . h) (y - yh')))\\\ 

where \ is the function defined in the beginning of Section [5j Since we have 

||2/(7) - 2/(7011 < C(G) ■ \\z( 7 ) - 0(7')|| < C(G) ■ 2 (- 1 /2+r)n 

in the case (iv) and the right hand side is much smaller than 2 -n / 3 (provided 
that we take large K), the supports of h and h! are contained in the disk with 
center at 2/(7) and radius 2 -n / 3+1 . In particular, G is well approximated 
by its linearization at 2/(7) on that disk up to the error term bounded by 
C(G)(2- n / 3 ) 2 < 2~ n / 2 . 

From the definitions of the function h and h! above, we can show that 

d- 1 o G(y) < a2- n / 2 ||vr_(z( 7 ) - z^'))^ 1 for y € supp (1 - h) 
and that 

dZ 1 o G(y) < a2-"/ 2 ||vr_(z(7) - z^W' 1 for y G supp(l - h'). 
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In fact, if \\y - y(j)\\ > 2~ n / 3 , we have d~ l o G(y) < C(G)2~ (n/2 - n/3) and 
obtain the first inequality by a crude estimate, taking sufficiently large K. 
Otherwise, the condition y G supp (1 — h) implies that we have 

20||7r_(^ (7) (y-j/( 7 )))|| > [|7r_(s(7)-*(70)[| 

and, hence, we obtain the first inequality again by using the linear approx- 
imation of G mentioned above. We can show the second inequality in the 
same manner. 

Set v = <& a (D)(h ■ Q(u)) and v' = V a (D)(h' ■ Q{u')). Then, in the same 
manner as we proved the first inequality in the proof of Lemma 112.111 we 
see that 



\Q lrT (u)-v\\l 2 = \\* a (D)((l-h).Q(u))\\l 



^-11 1 1 2 II jv„ 1 1 2 



IF" 1 *, 



(1 - h) ■ &- lv * o G 



7 

From the estimate on d~ l o G above, the last factor above is bounded by 

C* • 2~ A+2dSX • (2 n / 2 ||7r_(z( 7 ) - z{n'))\\)- 2v ' +d+2 . 
Hence we obtain 

9 -A+2o!<5A . II i|2 . ||jw,.,||2 

Similarly we obtain the parallel estimate for \\Qy a (u') — u'Hf-2- Therefore, 
by Lemma 112.111 and the choice of , we obtain 

2-A+2«MA[|^[|2 w || ( ^. u || L3 || ( p u /|| La 

|(Q 7CT (n),Q yCT (n )} i2 - (v,v) L2 \ < C* ( 2 n/2|| z ( 7 ) _ z ^)\\)2d+2 • 

Now it is left to show that 
(65) \(v,v') L 2\<C* 



2- A + 2d8 %\\ 2 Loc \\d^u\\ L 2\\d^u'\\ L 2 



^ 2 n/2-2«5A|| z ( 7 ) _ z (y)||)2d+2 ' 

Remark 12.15. The proof of (|65p below is the most essential part of our 
argument on the central part, where we will use the non-integr ability of the 
contact form ao- Note however that the estimates therein are rather rough. 

From the assumption vp^(D)u = u and vpy(D)u' = v! in Lemma 112.121 
we may rewrite the functions v and v' as 

v = Wy a *(h-g((%b~ / {D)u)oG)) and v' = ¥^ a * (h • g($y (D)u') o G)) 
respectively. Hence, setting 

f{v,z,S,S') = {?Mv + z))-{S,G(v)) 

and 
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we write (v, v') L 2 as 



where S(x,x';z) denotes the integral 



Notice that /C(z) is the tensor product of the Dirac ^-function on E + at the 
origin and a rapidly decaying function on Eq ® E_ . 

We are going to apply the formula (fTUj) of integration by parts to the 
integral with respect to the variable y in S(x, x'; z) above. To this end, we 
set up a unit vector w G E as follows. Recall that we have 

d 

dao = 2 • dx~ A dx + = 2 A dxf. 

i=l 

We define to as the unique unit vector such that DG y ^{w) G E ®E + , that 
(ao(l/(7))»«>) = (00(^(7)), DG y(j) (w)) =0 

and that 

da (-DG ! y( 7 )(«') ) 7r-(«(7 / ) - 2(7))) 

= 2||vr_(z( 7 ')-z( 7 ))||||vr + ( J DG' 2/(7) H)||. 

The next sublemma tells that the term e~' l ^ y ' z '^'^^ in Six, x 5 2^ cis & function 
of y oscillates very fast in the direction of w. 

Sublemma 12.16. If y + z G supp/i' /or y G supp/i and z G Eq®E-, and 
if £ G supp -07 a^rf £' G supp , we /lave 

|A»/(!/,s,£,Ol > ^ • h-M) ~ K7))ll • |k + PG, (7) H))||, 
where D w denotes the directional derivative along the unit vector w with 
respect to the variable y, that is, 

D w fiy,z,£,0 = (£',DG y+z (w)) - (£,DG y (w)). 

We postpone the proof of this sublemma for a while. Under the same 
assumption as in the sublemma above, we have 

(66) \D k w fiy, z, £, 01 < C(G) • max{||£||, ||0|} • IN 

<C(G)-2 n .\\z( 1 ')-z( 1 )\\ 

for k = 1,2, where we used the estimate 

\\z\\ < C4DG y{7) (y + z) - DG yM iy)\\ < C,||z( 7 ) - z(j)\\ 

that follows from the hyperbolic property of DG y r^\ (or that of G) and the 
definitions of h and h'. Also we have 



(67) \\D w h\\ L °° < C*2 n/3 and \\D w h'\\v*> < C*2 



n/3 
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from the condition DG y i^\{w) 6 Eq ® .E + in the choice of w. 

Now we apply the formula (jlOp of integration by parts along the single 
vector w once to the integration with respect to y in the integral S(x, x'\ z). 
Then the result should be written in the form 



<teMW^ v > K ^v(0^(Z')R(y, z; x, x'; £, 0«<- 



By using Sublemma ll2.16l (|66|) and (|67|) . we see that there exists a constant 
C aj p(G,g) for each multi-indices a and /3, which may depend on G, g and 
A, such that 

G a (G a) ■ 2"(l a l+l /3 D n / 2 

11 c 5 l|LO ° - 2»i|z( 7 )-z(y)ii • 

This implies that we have 

Therefore, performing integration with respect to the variables £ and £' in 
(|68|) and recalling the argument in the proof of Lemma 17.51 we obtain the 
estimate 

f \K(z)\bl d + 2 (G(y) - x)bl d + 2 (G(y + z) - x') 
\S( X , X ';z)\ < C(G,g) j *° ^ 

By this estimate and Young inequality, we obtain 
\(v,v') L i\<C(G,g)- 



d^u\\ L 2\\d^u'\\ L 2 



2*\\z(rf) - ztf)\\ 

This implies (|65p . since we have (2d + 2)r < 1/2 from the choice of r and 

(2"/ 2 ||2( 7 ) - Z(V)||) M+2 < 2^ d+2 > Tn < 2(( 2d + 2 )--V2)n . 2 n|| z(7) _ ^y^ 

(Recall that n > K and that we may take large IT depending on G and <?.) 
Finally we complete the proof by proving Sublemma 112.161 

Proof of Sublemma \12.1b\ Recall that the supports of h and h! are contained 
in the disk with center at y(j) and radius 2~ n / 3+1 and that G is well ap- 
proximated by its linearization at y( 7 ) on that disk. From the assumption 
that y and y + z belong to supp h and supp h' respectively, we see that 

\\^{DG y{l) {z) - ztf) - z( 7 ))|| < ||7r_(z(Y) - 2(7))ll/4- 
From the choice of the vector w, we see that 

\(a (G(y + z)),DG y+z (w)} - (a (G(y)), DG y (w))\ 

= \(ao{y + z),w) - (a (y),w)}\ = \da (z,w)\ 
> \da (7r-(z(^) - z{j)),DG m {w))\/2 
= ||vr_(z( 7 ')-z( 7 ))|||K+( J DG', (7 )H)||. 
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Since 77,(7) = 77(7') = n and 

A(n(7),%),n(V),^)) = A(n(Y), fc(Y), n(a), k(cx)) = 
from the definition of S, we have 

2 n ~ 2 < |6l < 2 n+2 , 2 n ~ 2 < l^ol < 2 n+2 and | Co - Q < 2 n/2+5 
for £q = 7Tq(^) and £ = vtq(0- Therefore the lemma follows if we show 

(Z -a (G(y + z))-Z',DG y+z (w)) < |&|||7r_(*( 7 ) ~ *(V))III|£<W«0II/ 3 
and 

<&-a (G(y))-£,I^H><^ 

These can be proved by a straightforward estimate. Below we prove the 
former inequality. The latter can be proved similarly. 

Since we have y + z S supp/i', £' € supply and |m(7')| < 5\, it holds 

\\ir +t0 (DG y+z (w))\\ < 2\\DG y{l) (w)\\, and 
IK,o(& • 00(6(1/ + Oil 

< led • K(o (G(s/ + *)) - oo(^( 7 / )))ll + i& - Col • lKM*(y)))il 

+ K(e -ao(z(7 , )))-Oll 

< M\ir-(G(y + z)- G(*(Y)))|| + 2™/ 2+6 + 2"/ 2+5A + 5 

<l6llk_« 7 )- 470)11/10 

where, in the last inequality, we used the facts that SX > <5A* > 10 and that 

||7r_(*(7) - z( 7 '))\\ > \\z( 7 ) - z( 7 ')\\/10 > 2-"/ 2 + 2 ^- 4 . 

By a rough estimate using the condition DG y ^ (w) £ Bo® E+ m the choice 
of w, we see that 

\\ir-(DG y+z (w))\\ < C(G)\\(y + z)- y( 7 )[| < C(G)2-"/ 3 and also 
IK (£0 • «o(G(y + *)) - Oil < C(G)2( 2 /^. 
Clearly these inequalities yield the required estimate. □ 

Appendix A. Proof of Lemma 16.21 

Let Pn{C) = Xn(lfl) and p n (f) = Xn(lfl) for n > 0, where \n and Xn are 
those defined in Subsection 15.21 For u G C°°(B), we define ti 7 = p.y(x, D)*u 
for 7 6 r and 7i ra = p n (D)u for n > 0. We may and do suppose that the 
norm on the Sobolev space W s is defined by 

||„||2 ._ V^o2sni| ||2 
II "II VK S -— / j z H^rillL 2 ' 

n>0 

Set 77(7) = max{n(7), 777.(7) + ( n (7)/2)} for 7 G T. Then there exists a 
constant c > such that if (77(7) — n\ > c, we have 

d(supp(^ 7 ),supp(p n )) > 2 max ^'"W}- c . 
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We first prove W S (B) C 3&1 for s > j3 and v > 2d + 2 by showing 
1^ 11(8,1/ < C||u||vys for u £ C°°(D). For each n > 0, we have 



E K-^" 2 



*7 ■ "7iiL 2 - y~) 

7:n(7)=n 7:n(7)=n 



n'=0 



L- 



We regard the operator it i->- d 7 • p 7 (ar, D)*p n i(D)u as an integral operator 
with the kernel 

W*.*') = (27r)2 ( 2rf+1) / d7^ / )e 4< ^'- ?/>+i<?? ' s, - x> P7(y)^teW(^«^. 

Fix some // > max{2d + 2, s}. Similarly to Lemma 17.31 we have 
K',^x,x')\<C [ d^x')b^(x' -yX (y-x)dy 



< C 



mx' -y)b£Jy-x)dy. 



Further, in the case \n' — 71(7) | > c, we can show 

\^(x,x')\<C2-^^ n '^ 2 [ b»(x'-yK (y-x)dy, 

applying the formula (jiop of integration by parts along a set of vectors 
{ v j}"j=o that form an orthogonal basis of E for /j times to the integral with 
respect y in K n / n (x,x'). Therefore we obtain, using Young inequality, that 

E IK U 7lli 2 <Cn 2 E W U n'Wl 2 
7:n(7)=n n':\n' — n\<c 

+ Cn 2 E 2^ max ^'' n >/ 2 ||7j n ,||| 2 . 

n':|n'— n|>c 

Take weighted sum of the both sides with respect to n with weight 2@ n . 
Then the weighted sum of the left hand side is not smaller than [|it||fli/ 
and that of the right hand side is bounded by C||it||w«. Thus we conclude 

IMI/3,i> < C || w|| W' 3 - 

We next prove C W~ S (H>) for s > (3 and v > 2d + 2 by showing 
||w||w-s < CHull^y. We have 







2 




2 


u n\\ 2 L 2 = 


Pn(D) E U 1 I 


< c 


E u 7 






\\n(j)-n\<c / 


L 2 


71(7)— n|<c 


L 2 



Since we have 

IK.tv)! < c*(2 n/2 (z( 7 ) - 2 (7 / ))>~ 2 1IK)XII^IIK') I/ %'ll^ 
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for any pair (7, 7') £ T x T and since the left hand side above vanishes if the 
supports of ip>y and ipy does not meet, we obtain 

2 



\n(f)—n\<c 



L 2 



|n(7)— n|<c 



U~, 



i2 
li 2 



Take weighted sum of the both sides with respect to n with weight 2~ sn . 
Then the weighted sum of the left hand side is not smaller than C 1 1 1 1 1 /3,^ 
and that of the right hand side is bounded by C||«||w- S , provided s > j3. 
Thus we conclude ||u|| w - s < C||u||«^. 
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